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Abstract
A large class of dimensional reductions of interesting ultraviolet theories do not give rise
to chiral effective theories. As the Standard Model is a chiral theory this represents
an obstacle for many phenomenological constructions. The aim of this thesis will be to
present a series of constructions and reductions in which chiral theories are produced,
with the intention that these may be used as illustrative examples of situations in which
the problems associated with chirality in dimensional reductions can be avoided.
We will consider the way in which a chiral theory may be generated, in the reduction
of an odd-dimensional theory, by focusing on a reduction on the orbifold S1/Z2 . In doing
this we will adopt the picture in which the orbifold is viewed as being a manifold with
boundaries. Many of the features of these reductions will be demonstrated by analysing
seven-dimensional supergravity with six-dimensional boundaries. A critical part of this
discussion will center around the cancellation of anomalies which can form on these bound-
aries. This cancellation will be arranged by coupling certain boundary-localised matter.
We will then consider the constraints that arise in allowing a consistent set of boundary-
localised matter to be coupled to a given bulk system. We will illustrate this by analysing
three-dimensional supergravity on a manifold with two-dimensional boundaries. We will
then demonstrate how these constructions may be carried out in an alternative formalism,
in which the details become more transparent.
We will also explore reductions in which chirality can be preserved, by presenting the
reduction of six-dimensional gauged supergravity on a sphere and monopole background.
We will show that in this case a bifurcation occurs and a consistent reduction to either a
chiral or a non-chiral theory may be carried out.
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Chapter 1
Introduction
1.1 Physical Background and Overview
Many of the most important problems in theoretical physics during the last century have
centered around uniting small-scale theories with large-scale theories. In both regimes
models are known which agree to extremely high levels of accuracy with experimental
data. However, the differences between these descriptions mean that uniting these two
extremes into one theory has proven extremely difficult.
The most well-tested theory of small-scale physics is known as the Standard Model.
It is a quantum field theory which involves spin 1
2
matter fields, describing quarks and
leptons, as well as spin 1 fields, describing the strong and electroweak forces which act
on the matter. In addition to this, the Standard Model (with Higgs) also describes a
spin 0 particle known as the Higgs boson which allows for effective masses of the other
Standard-Model fields to be generated. On the other hand, at large scales the most well-
tested theory is General Relativity which is a classical theory of gravity, describing the
interactions of matter with a spin 2 field which is associated with the geometry of the
spacetime. The difficulty in uniting these two descriptions arises from the fact that any
simple attempt to form a quantum theory of the spin 2 fields associated with gravity
results in uncontrollable divergences, which remove all predictive power from the theory.
The most well-studied possible resolution to this problem is based on the idea that the
fundamental objects in our universe may not be point-like particles but rather extended
one-dimensional objects which we referrer to as strings. These objects were initially con-
sidered in the hope that they might present an effective description of hadrons. However
these ideas were largely abandoned when it was realised that theories of strings natu-
rally describe interactions associated with a spin 2 field. It was for this reason that a
7
description of gravity in terms of strings was originally considered. A version of this
original description has become known as bosonic string theory. In studying the bosonic
string it was realised that the symmetries which theory is based on are only preserved
at a quantum level if the strings are allowed to move in 26 spacetime dimensions [5].
However, the bosonic string suffers from an uncontrollable tachyon which makes it inap-
propriate for describing the physics of our universe, in which tachyons are not observed.
This was later remedied by considering instead a supersymmetric generalisation of string
theory, known as superstring theory. As with the bosonic string, the symmetries of the
superstring are only preserved, when quantum effects are taken into account, in a critical
number of spacetime dimensions. In this supersymmetric case this constraint implies that
the superstring moves in 10 spacetime dimensions.
Depending upon the way in which supersymmetry is put into the string theory, a series
of different consistent constructions are possible. These are known as Type I, Type IIA,
Type IIB, SO(32) Heterotic and E8 ×E8 Heterotic. The low-energy limits of these theo-
ries correspond precisely with the different ways of incorporating supersymmetry into an
anomaly-free theory of gravity in 10 dimensions. 11 dimensions is the maximum number
in which a supersymmetric theory describing particles of spins ≤ 2 can be constructed.
There, the supergravity at lowest order in derivatives is unique and, as the space is odd
dimensional, it is also anomaly-free. The special significance of this unique 11 dimensional
theory, as well as certain features of the supersymmetric 10 dimensional string theories
which hint at an 11 dimensional origin, prompted the proposal that the five different super-
string theories could be somehow combined with the unique 11 dimensional supergravity.
This has lead to the current situation in which it is believed that all these theories can
be embedded within a unique 11 dimensional quantum theory known as M-Theory. The
details of what M-Theory is remain mysterious, but it is believed that the solitonic objects
of this theory are two-dimensional membranes known as M2-branes, which from the 10
dimensional perspective appear as the fundamental strings of string theory, as well their
electromagnetic duals which are 5 dimensional extended objects known as M5-branes.
If we are to believe that our world really is described by these 10 or 11 dimensional
theories, then we must answer the question of why we only perceive 4 spacetime dimen-
sions. Fortunately this problem was solved considerably earlier by Kaluza [6] and Klein
[7]. Their solution is simply that some of the directions of the space are compact with an
extremely small diameter. The details of this are shown in Section 1.3, but the effect is
that all but the lowest harmonics on these small extra dimensions are seen from the lower-
dimensional perspective as a tower of fields with very large masses. As in any effective
theory, massive fields decouple at energies lower than the mass in question. This means
that only the lowest-order harmonics on the compact directions are observed. From this
we find that these higher-dimensional supersymmetric quantum theories of gravity are
perceived by a 4 dimensional observer as a field theory involving particles of spin 0, 1
2
, 1, 3
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Figure 1.1: Type I, Type IIA, Type IIB, SO(32) Heterotic and E8×E8 Heterotic String theories united
with 11 dimensional supergravity as different limits of M-Theory.
and 2. These dimensionally reduced theories can then have all the right sorts of elements
to describe both gravity and the Standard Model in one unified theory.
The problem with this description is that reductions of the same higher-dimensional
theory on different compact spaces can give rise to different 4 dimensional theories. As
there are an extremely large number of ways of wrapping up the 6 or 7 internal space
dimensions, finding a reduction that produces not only a theory similar to the Standard
Model but rather produces a theory which is precisely the Standard Model is therefore
not easy to achieve. One key feature of the Standard Model is that it is a chiral theory.
This means that the physics associated with fermions of positive chirality is different from
the physics associated with fermions of negative chirality. This property is interesting as
dimensional reduction of the sort we have described does not generally result in a chiral
theory. There are two crucial pieces of lore in the literature on dimensional reductions
that reflect this. The first is that dimensional reduction of a non-chiral theory will not
give rise to a lower-dimensional chiral theory, unless the compact space has certain special
points at which additional constraints are imposed. While the second is that dimensional
reduction of a chiral theory will not give rise to a lower-dimensional chiral theory, unless
the compact space has a handedness. In Sections 1.4 and 1.5 we will review some of the
arguments behind these two statements. The main focus of this thesis will then be an
examination of specific dimensional reductions which avoid these constraints and allow a
chiral theory in the lower-dimensional space to exist after the reduction.
In Chapter 2 we will construct actions that describe seven-dimensional gauged super-
gravity on the orbifold S1/Z2. These constructions are complicated by requiring that
symmetries of the classical 7 dimensional theory are preserved when quantum effects are
taken into account. The additional quantum effects come in the form of anomalies which
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are generated by chiral projections of the 7 dimensional fermions evaluated on the 6 di-
mensional Z2 fixed points. In order to ensure that these anomalies are canceled and that
the local classical symmetries are preserved, we must supersymmetricly couple additional
matter to the system, which is localised at the Z2 fixed points. An analysis of the anoma-
lies must then be done in order to ensure that specific sets of fixed point localised matter
can be chosen which result in an anomaly-free theory. When this anomaly-free construc-
tion is complete the dimensional reduction of the 7 dimensional theory, formed by taking
the limit where the orbifold size goes to zero, can be carried out. We will show that this
gives rise to a chiral 6 dimensional N=1 supergravity. In our discussion of this construc-
tion we will chose to view the orbifold S1/Z2 as an interval between the two separated Z2
fixed points. This is known as the downstairs picture and is very useful for carrying out
these sorts of constructions as it allows the seven-dimensional theory to be simply recast
as supergravity on a manifold with a boundary.
In Chapter 3 we will look at the construction of supersymmetric theories with bound-
aries in more detail. To do this we will chose to consider 3 dimensional N = 1 supergravity
with a 2 dimensional boundary. This system is far simpler than the complicated super-
gravity considered in Chapter 2 as it involves much less supersymmetry. This allows us
to carry out the construction off-shell and so greater clarity can be achieved. The goal of
this construction will be to understand the supersymmetric sets of non-trivial boundary
conditions that emerge in constructions such as that of Chapter 2. In this 3 dimensional
case we will see explicitly that these boundary conditions can be rewritten in terms of
a supermultiplet of constraints, which relate the bulk fields to conserved currents of the
boundary theory. As with the previous case, taking the coincident-boundaries limit of
these constructions will give rise to a chiral theory.
In Chapter 4 we will look at an alternative formalism which allows the construction of
supersymmetric theories with boundaries to be carried out more easily. This formalism is
based upon the ectoplasm formulation of superspace in which actions on manifolds without
boundaries are constructed from members of the de Rham cohomology group. We will
show that when boundaries are included this can simply be extended to a consideration of
members of the relative-cohomology group. This allows us to relate some of the ideas of
Chapter 3 to more general cases than the simple 3 dimensional supergravity considered.
In Chapter 5 we will approach the other side of the problems associated with chirality
in dimensional reductions, that of preserving chirality rather than generating it. To do this
we will consider in detail the reduction of 6 dimensional gauged supergravity on a sphere
and monopole background. This reduction is known as the Salam-Sezgin model and can
generate a chiral theory after reduction since the monopole flux provides a handedness
for the 2-sphere internal space. In practice however, finding a consistent reduction that
produces a chiral theory is difficult to achieve. Earlier attempts at this reduction were
able to find a consistent 4 dimensional set of fluctuations about the sphere and monopole
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background, but these fluctuations did not result in a chiral theory. We will show that a
separate set of consistent modes is possible which do lead to chiral theories in 4 dimensions.
After this, we will show that additional couplings of hypermultiplets in the 6 dimensional
theory can also be turned on giving rise to extra chiral fermions in the reduced theory.
Finally in Chapter 6 we will present some conclusions that can be drawn from this thesis
as well as discussing possible future topics that could be studied.
As a very large number of different index ranges will be used in this thesis it will not be
possible to adopt a unique set of conventions through out. However, the conventions we
use will be unique within any given chapter and the meaning will be clearly stated in each
case. These chapter-dependent conventions have been chosen in as consistent a fashion as
possible and also are chosen with the intention that comparison with the literature should
be easily achievable.
1.2 What is a Chiral Theory?
We have mentioned that chirality is a very important property of physical theories, but
have not yet been clear about what it is that we mean by this. In this section we will
therefore explore this subject and describe concretely what makes a given theory chiral.
In a d dimensional theory with tangent space metric ηab = η
ab = diag(−,+, . . . ,+),
where a = 0, . . . , d−1, the Lorentz transformations of spinors are associated with members
of the Clifford algebra γa which satisfy
{
γa, γb
}
= 2ηab. To study the properties of these
Clifford algebra elements in various dimensions it is helpful to construct an additional
element
γd+1 = α(d)γ0γ1 . . . γd−1 , (1.1)
where α(d) is a conventional constant chosen such that γd+1γd+1 = 1. One possible choice
which achieves this is given by α(d) = i[
d
2
]+1, where [d
2
] is the integer part of d
2
.
Using the defining properties of the Clifford algebra we can then show that[
γa, γd+1
]
= 0 if d = odd ,{
γa, γd+1
}
= 0 if d = even , (1.2)
The Fierz identities then imply that any spin-valued matrix M can be written as the sum
of antisymmetrised gamma matrix products
M = M (0)1l +
d∑
i=1
M (i)a1...aiγ
a1...ai , (1.3)
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where γa1...ai = γ[a1 . . . γai]. This means that in odd numbers of dimensions γd+1 commutes
will all spin valued matrices and so is proportional to the identity.
In even numbers of dimensions however, this is not the case and instead we can divide
all possible spin valued matrices into the parts proportional to γa1...ai with i =odd, which
anticommute with γd+1, and the parts proportional to 1l and γa1...ai with i =even, which
commute with γd+1.
A similar division can be carried out on the spinors. To do this we define the projection
operators
P± =
1
2
(1l± γd+1) where P±P∓ = 0, P±P± = P±, P+ + P− = 1l , (1.4)
which project any spinor χ into its positive and negative γd+1 eigenstates.
χ = χ+ + χ−, χ± = P±χ, γd+1χ± = ±χ± . (1.5)
The ± eigenvalue of γd+1 is then known as the positive or negative chirality of χ±.
However simply writing an action in terms of fermions of a given chirality is not
sufficient to ensure that the physics described by the action recognises the chirality of
those fermions. As an example we consider the four-dimensional action1, built from a
positive-chirality fermion χ+, given by∫
d4xχ+
α˜γaα˜
β˜∂aχ+β˜ . (1.9)
We may naively think that the physics that results from this action recognises the chirality
of χ+. However this is not the case. To see this let us define
ψα˜ = χ+α˜ + Cα˜β˜χ+
β˜ , (1.10)
which is a Majorana fermion that satisfies C α˜β˜ψβ˜ = −ψ
α˜
. This contains the same number
of degrees of freedom as χ+α˜ but is not an eigenstate of γ
5 as
γ5α˜
γ˜Cγ˜β˜χ+
β˜ = −Cα˜β˜χ+β˜ . (1.11)
1Here we label the previously suppressed spinor indices by α˜ and use the conventions
Cα˜β˜χβ˜ = χ
α˜ , χβ˜Cβ˜α˜ = χα˜ , Cα˜β˜ = −Cβ˜α˜ , Cα˜β˜C β˜γ = −δα˜β˜ , (1.6)
γaα˜β˜ = γ
a
β˜α˜ , (γ
a
α˜
β˜)† = γaβ˜
α˜ , γ5α˜β˜ = −γ5β˜α˜ , (γ5α˜β˜)† = γ5β˜ α˜ . (1.7)
We also define the bar conjugation used here by
χα˜ = i(χβ˜)
†γ0β˜
α˜ . (1.8)
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Using this definition we can then show that∫
d4x
1
2
ψ
α˜
γaα˜
β˜∂aψβ˜ =
∫
d4xχ+
α˜γaα˜
β˜∂aχ+β˜ . (1.12)
So the physics of (1.9) is described just as well in terms of a non-chrial fermion.
More generally we cannot simply define a chiral theory as having an action that con-
tains chiral fermions as the fermions in any even-dimensional action can simply be de-
composed into their positive and negative-chirality parts using the projection operators
P±.
Instead let us define a chiral theory as being a theory in which there exist no parity
transformations that leave the fermionic terms in the action invariant. In standard con-
structions involving spinors there is a manifest symmetry under elements of the Lorentz
group in SO(d − 1, 1) satisfying det(Λab) = 1. The action of parity, however, generates
elements of Lorentz group in O(d− 1, 1) with det(Λab) = −1. Instead of considering the
action of Spin(1, d− 1) on the spinors of our theory we must therefore consider the action
of Pin(d−1, 1), where Pin(d−1, 1) is to Spin(d−1, 1) as O(d−1, 1) is to SO(d−1, 1). In
even dimensions the action of Pin(d− 1, 1) on a covariantly transforming representation
is simply ψ → Λsψ where ψ → ψΛ−1s and where for every Λs there is an associated Λab
such that
Λsγ
aΛ−1s = γ
bΛb
a , Λa
cΛb
dηcd = ηab . (1.13)
This means that both ηab and γ
a are invariant tensors since
ηab → ΛacΛbdηcd = ηab , γa → ΛabΛsγbΛ−1s = γa . (1.14)
For example if the Lorentz transformation in question inverts the direction parallel to a
vector na and leaves directions orthogonal to na invariant, then for nan
a = 1, one has
Λa
b = δa
b − 2nanb , Λs = naγaγd+1 . (1.15)
From this definition of pin transformations it is simple to show that if
det(Λa
b) = 1 then γd+1Λs = Λsγ
d+1 , (1.16)
which we refer to as a pin-even transformation while if,
det(Λa
b) = −1 then γd+1Λs = −Λsγd+1 , (1.17)
which we referrer to as a pin-odd transformation.
When chiral spinors are considered the situation becomes slightly more complicated.
To see this we can consider a covariantly transforming spinor χ, which is not an eigenstate
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of γd+1, such that under a pin transformation χ → Λsχ. Then we can consider a chiral
projection of this spinor defined by χ+ = P+χ, this will transform under a pin-odd
transformation as
χ+ = P+χ→ P+Λsχ = ΛsP−χ = Λsχ− 6= Λsχ+ , (1.18)
so chiral spinors do not transform covariantly under pin-odd transformations.
As χ+ → Λsχ−, χ− → Λsχ+ we see explicitly that pin-odd transformations exchange
the degrees of freedom carried by a positive-chirality spinor with those carried by a
negative-chirality spinor. If an action is invariant under some pin-odd transformation
then it is invariant under this swap of positive and negative-chirality degrees of freedom
and so the physics that results cannot be determined by the chirality of the spinor. It is
for this reason that we define a chiral theory in the way we have chosen.
To consider the action of parity on (1.9) we must first construct a covariant repre-
sentation of Pin(3, 1). A simple choice for this is given by ψα˜ = χα˜+ + Cα˜β˜χ+
β˜
where
under Pin(3, 1) ψα˜ → Λsα˜β˜ψβ˜ then by rewriting the action as shown in (1.12) it is clear
that the action is parity invariant and so non-chiral. Alternatively, if we wish to show
that the action is invariant without having to rewrite it, we can simply project out the
positive-chirality part of ψα˜ which we find transforms as χ+α˜ → Λsα˜β˜Cβ˜γ˜χγ˜+. Then using
this along with the projection of the negative-chirality part χ+
α˜ → C β˜γ˜χ+γ˜Λ−1s β˜ α˜, we can
see that (1.9) is indeed invariant under parity without having to perform the rewriting
(1.12). Again, this confirms that (1.9) does not describe a chiral theory.
More generally in d = 4n for n ∈ Z+, theories can only be chiral due to complex
couplings between fields as otherwise pin-odd transformations that map a fermion to Λs
acting on the fields charge conjugate will always leave the action invariant. To demonstrate
how this works we can consider a simple extension of the non-chiral theory (1.9) which
makes the action chiral. This is formed by gauging a U(1) symmetry of (1.9) with a
vector Aa which modifies the action to∫
d4x
[
− 1
4
FabF
ab + χ+
α˜γaα˜
β˜∂aχ+β˜ + χ+
α˜γaα˜
β˜Aaiχ+β˜
]
. (1.19)
The map χ+α˜ → Λsα˜β˜Cβ˜γ˜χγ˜+ now transforms
χ+
α˜γaα˜
β˜Aaiχ+β˜ → −χ+α˜γaα˜β˜Aaiχ+β˜ , (1.20)
which means that the action is modified by the transformation and so is chiral.
Similarly, we can define a chiral symmetry as being a symmetry of the theory under
which there is no one-to-one mapping between fermions of one chirality and fermions of
the other that transform in the same way. Any theory with a gauged chiral symmetry is
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then a chiral theory as there is no way to construct pin-covariant objects which describe
the spinor degrees of freedom and transform covariantly under the chiral gauge symmetry.
The gauged U(1) in (1.19) is a chiral symmetry as χ+
β˜ and Cα˜β˜χ+
β˜ transform in different
ways. So (1.19) represents an example of a theory which is chiral due to its gauged chiral
symmetry.
It is important to note that chiral symmetries prevent mass terms for the fermions
that transform under them. To see this, we can simply consider a theory with a fermion
of positive chirality χ+ which transforms as Λ
id(Ti)χ+ and a fermion of negative chirality
λ− which transforms as Λid′(Ti)λ−. If the symmetry is chiral then we must have d(Ti) 6=
d′(Ti). A mass term for some linear combination of χ+ and λ+ must have the form λ−χ+
which transforms as
δ(λ−χ+) = Λiλ−(d(Ti)− d′(Ti))χ+ , (1.21)
where we have used the anti-hermiticity of the generators. This variation is nonvanishing
for a chiral symmetry and so breaks the symmetry in question. This is one of the reasons
why chirality is such an important feature of the Standard Model as it prevents the light
fermions contained in theory from developing mass terms under renormalization.
In d = 4n + 2 dimensions, the situation is slightly different and theories do not need
complex couplings to be chiral. For example in d = 4n + 2 dimensions, the action (1.9)
is chiral. This is because the fermion Cα˜β˜χ+
β˜ that we constructed in (1.11) from χ+α˜
satisfies γd+1α˜
γCγβ˜χ+
β˜ = Cα˜β˜χ+
β˜ in d = 4n+ 2 dimensions and so is not of the opposite
chirality to χ+α˜. This means that there is no fermion of negative chirality described by
the theory and so it is not possible to construct any covariantly transforming Pin(d−1, 1)
representation. For this reason a theory of fermions minimally coupled to gravity and no
other fields can only be chiral in d = 4n+ 2 dimensions.
1.3 Dimensional Reductions
Motivated by the existence of consistent quantum theories of gravity in 10 or 11 dimen-
sions, we wish to understand how to compactify some of the spacetime dimensions in order
to generate realistic lower-dimensional theories from these higher-dimensional origins. As
noted in Section 1.1, the method for achieving this has been known for some time and is
referred to as Kaluza-Klein [6, 7] dimensional reduction.
The simplest example of a dimensional reduction occurs when we consider a D = d+1
dimensional massless scalar theory in flat space and ask what the effective d dimensional
theory is produced when one of the dimensions is constrained to be a circle. In this case
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the D dimensional field equations read
∂ˆM ∂ˆM φˆ = 0 , (1.22)
where we adopt a notation in which hatted objects, such as φˆ, are D dimensional and
M = 0 . . . D−1 is a D dimensional world index. Separating the Laplacian into its compact
and lower-dimensional parts gives
∂m∂mφˆ+ ∂
µ∂µφˆ = 0 , (1.23)
where we have separated the D dimensional coordinates xˆM into the coordinates on the
circle ym and the coordinates on the remaining d dimensional space xµ. In this simple
example there is only one compact direction so m takes only one value m = D − 1.
We then consider expanding the D dimensional scalar in terms of harmonics on the
circle
φˆ =
∞∑
n=1
φ(n)(xµ)ein
ym
R . (1.24)
Substituting this into (1.23) we find
∞∑
n=1
(
− n
2
R2
φ(n)(xµ) + ∂µ∂µφ
(n)(xµ)
)
ein
ym
R = 0 , (1.25)
which implies
∂µ∂µφ
(n) − n
2
R2
φ(n) = 0 for n = 0, 1, . . .∞ . (1.26)
From this we see that the single D dimensional massless scalar has generated an infinite
tower of d dimensional scalars each with different masses given by m2 = n
2
R2
. If we now
consider the case where the circle becomes very small R→ 0, then the masses of all scalars
except the one with n = 0 become extremely large. At energies well bellow the scale set by
R, these massive modes will not be excited and so are said to decouple from the effective
theory. This means that only the n = 0 mode will be seen in the d dimensional effective
theory.
A similar procedure can be applied to more complex reductions. Here we separate the
original D dimensional space into a k dimensional internal space which we consider to
be known and compact and ask what the effective d = D − k dimensional theory that is
produced on the remaining external space is. When this procedure is carried out, we find
that, as for reduction on the circle, if the internal space becomes very small then only the
lowest harmonics or zero modes of the internal space Laplacian remain.
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The reduction of a D dimensional vector can also be considered in a similar way. Here
we first divide the vector into its internal and external components
AˆMdxˆ
M = Aˆmdy
m + Aˆµdx
µ . (1.27)
Then carrying out a similar analysis to that shown for the scalar we find that in the small-
radius limit all massive modes decouple and we are left with k massless d dimensional
scalars Am and one massless d dimensional vector Aµ.
As we are particularly interested in higher-dimensional theories of gravity, the dimen-
sional reduction of the metric will be of special importance in our considerations. As
before, we need only expand the metric in terms of lowest-order harmonics on the inter-
nal space as other modes will decouple in the small-radius limit. The expansion of the D
dimensional metric in this small-radius limit is then given by
dsˆ2 = e2αφds2 + e2βφgmn(dy
m + gAiKmi )(dy
n + gAjKnj ) ,
gˆµν = e
2αφgµν + e
2βφg2AiµA
j
νKimK
m
j , gˆmµ = ge
2βφAiµKim , gˆmn = e
2βφgmn , (1.28)
where φ = φ(xµ) is known as the Kaluza-Klein scalar, α and β are constants which are
tuned to give the canonical normalisation of the kinetic terms in the reduced theory,
Ai = Aiµ(x
µ)eµ are known as the Kaluza-Klein vectors, gmn = gmn(y
m) is the metric on
the internal space and Kmi = K
m
i (y
m) are the Killing vectors of the internal space which
satisfy [Ki, Kj] = −fijkKk.
Under an isometry of the internal space for which
δxˆM = −ξM , where ξˆµ = 0 , ξˆm = Λi(xµ)Kmi , (1.29)
the internal components of the D dimensional metric gˆmn are preserved as
δgˆmn = Lˆξˆgmn = ξˆr∂ˆrgˆmn + gˆrn∂ˆmξˆr + gˆmr∂ˆnξˆr
= ΛiKri e
2βφ∂rgmn + e
2βφgrnΛ
i∂mK
r
i + e
2βφgmrΛ
i∂nK
r
i
= e2βφΛiLKigmn = 0 . (1.30)
However the mixed components of the D dimensional metric gˆmµ transform as
δgˆmµ = Lˆξˆgmµ = ξˆr∂ˆrgˆmµ + gˆrµ∂ˆmξˆr + gˆmr∂ˆµξˆr
= ΛiKri ge
2βφAjµ∂rKjm + ge
2βφAjµKjr∂mΛ
iKri + e
2βφgmr∂µΛ
iKri
= e2βφ(gΛiLKiKjmAjµ + ∂µΛiKim) = e2βφ(∂µΛi + gfjkiAjµΛk)Kim . (1.31)
If we allow for the Kaluza-Klein vector to also vary by a compensating transformation
then we find that the total variation of gˆmµ is given by
δgˆmµ = Lˆξˆgmµ + ge2βφδAiµKim
= e2βφ(gδAiµ + ∂µΛ
i + gfjk
iAjµΛ
k)Kim . (1.32)
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So gˆmµ is invariant if
δAiµ = −
1
g
∂µΛ
i − fjkiAjµΛk , (1.33)
from which we find that the Kaluza-Klein vector is a Yang-Mills gauge field associated
with the gauge group defined by the internal space isometries.
To decompose the vielbein we make the Lorentz gauge choice
eˆα = eαφeα , eˆa = eβφ(ea + gAiKai ) , (1.34)
where a is an index on the internal tangent space and α is an index on the external tangent
space. This ansatz can also be expressed as
eˆµ
α = eαφeµ
α , eˆµ
a = gAiµK
a
i e
βφ , eˆm
a = eβφem
a ,
eˆα
µ = e−αφeαµ , eˆαm = −gAiαKmi e−αφ , eˆam = e−βφeam . (1.35)
It is useful to note the reduction of the spin connection and Ricci tensor that follow from
the ansatz read
ωˆαβ = ωαβ + αe
−αφ(∂βφeˆα − ∂αφeˆβ)− 1
2
ge(β−2α)φF iαβKiaeˆ
a ,
ωˆαb = −1
2
ge(β−2α)F iαβKibeˆ
β − βe−αφ∂αφeˆb ,
ωˆab = ωab − ge−αφAiα∇aKibeˆα , (1.36)
and
Rˆαβ = e
−2αφ
[
Rαβ − α∇γ∇γφηαβ − (α(d− 2) + β(D − d))(∇α∇βφ+ α∇γφ∇γφηαβ) ,
+ (α2(d− 2)− β(D − d)(β − 2α))∇αφ∇βφ
]
− 1
2
ge(2β−4α)φF iαγF
j
β
γKaiKja ,
Rˆαb =
1
2
ge(β−3α)φ
[
DβF iαβKib + (α(d− 4) + β(D − d+ 2))F iαβKib∇βφ
]
,
Rˆab = e
−2βφRab − βe−2αφ(∇α∇αφ+ (α(d− 2) + β(D − d))∇αφ∇αφ)δab ,
+
1
4
ge(2β−4α)φF iαβF
jαβKiaKjb . (1.37)
From this we find that in order for this reduction to produce an Einstein frame action in
d dimensions, the choice α(d− 2) + β(D − d) = 0 must be made.
Next we can investigate the dimensional reduction of spinors, which will be particularly
relevant to the statements about chiral reductions that we wish to make. Let us begin by
considering the massless Dirac equation on the larger space
ΓˆADˆAχˆ = Γˆ
αDˆαχˆ+ Γˆ
aDˆaχˆ = 0 . (1.38)
18
To reduce this equation we must decompose the spinors of the large space as a tensor
product
χˆ = χI(xµ)⊗ ηI(ym) , (1.39)
in which we sum over the contracted index I and where Daχ
I = 0 and DαηI = 0. We
then also decompose the gamma matrices of the larger space as
Γˆα = γα ⊗ 1l , Γˆa = γd+1 ⊗ γa , (1.40)
where γα and γa are the gamma matrices for the external and internal spaces respectively.
This gamma matrix decomposition is valid for any dimensional reduction for which d =
even and so applies to all reductions in which the reduced theory can contain chiral
fermions.
As Dˆa = Da + . . . we see from this expansion that if the internal space spinors ηI
are eigenstates of the internal space Dirac operator such that iγaDaηI = ληI with λ 6= 0,
then λ will appear as a mass in the reduced field equation. As in the previous cases,
massive fields decouple when the internal space becomes small and so we restrict the set
of internal space spinors ηI in our expansion (1.39) to the zero modes of the internal space
Dirac operator
γaDaηI = 0 . (1.41)
It is important to note, however, that unlike the reduction of the circle reduction of the
scalar that we considered before, there may be many independent zero modes ηI which
satisfy this property. We therefore consider the sum in (1.39) to be over an index I which
labels a complete basis of internal space Dirac zero modes ηI .
Under the isometry transformations of the internal space that preserve the internal
space metric and vielbein, the basis elements ηI transform as
δηI = Λ
iLKiηI = ΛiKai DaηI +
1
4
Λi∇aKibγabηI . (1.42)
Here LKiηI is the spinor Lie derivative of ηI which can be defined by performing a dif-
feomorphism which acts with the standard connection-free Lie derivative plus a compen-
sating Lorentz transformation such that the vielbein is invariant. However, as the spinor
Lie derivative with respect to a Killing vector commutes with the Dirac operator we find
that
γcDcLKiηI = LKiγcDcηI = 0 . (1.43)
This means that LKiηI is another internal space Dirac zero mode and so must be a sum
of the basis elements ηI
LKiηI = −TiJ IηJ , (1.44)
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for some matrix Ti
J
I . This allows us to rewrite the transformation (1.42) as
δηI = −ΛiTiJ IηJ . (1.45)
For χˆ to remain unchanged under symmetry transformations of the internal space, we
then find that χI must have a compensating transformation under which
δχI = ΛiTi
I
Jχ
J . (1.46)
In addition to the Dirac equation, we will see that it is very important for us also to
consider spinors that come about through the reduction of the Rarita-Schwinger equation.
Here the D dimensional gravitino ψˆM is reduced as
ψˆµ = ψ
I
µ ⊗ ηI , ψˆm = ψX ⊗ ζmX , (1.47)
where ζmX are a basis for vector spinors on the internal space which satisfy the internal
Rarita-Schwinger equation
γmnrDrζmX = 0 . (1.48)
Repeating the same analysis as before we find that under an isometry of the internal space
the reduced spinor ψX transforms as
δψX = ΛiTi
X
Y ψ
Y . (1.49)
Furthermore as the number of zero modes of the Rarita-Schwinger equation is usually far
larger than the number of zero modes of the Dirac equation, the representation that acts
on spinors carrying the index X is usually much larger than the representation that acts
on spinors carrying the index I.
If we wish to end up with a chiral theory after dimensional reduction, there are two
important and separate options that we must consider. One alternative is that we might
consider the case in which the higher-dimensional theory is non-chiral and ask what
conditions must the reduction satisfy in order for the lower-dimensional physics to be
chiral. This is very relevant to cases in which the ultraviolet theory is defined in odd
dimensions such as 11 dimensional supergravity or M-Theory since then theD dimensional
theory cannot contain chiral fermions. The other alternative is the case where the starting
theory already contains chiral fermions in which case we must ask what the condition
is for the dimensional reduction to preserve the chirality of the ultraviolet theory. An
important example of a ultraviolet theory with this property is Heterotic string theory in
10 dimensions.
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1.4 Problems with Generating Chirality
To consider the issues in generating chirality under a dimensional reduction, let us examine
the reduction of the Dirac equation from a D = odd space to a d = even space. We will
note, however, that all of the arguments we will make in this subsection carry over to
reductions of the Rarita-Schwinger equation as well. By substituting (1.36), (1.39), (1.40)
and (1.41) into the Dirac operator acting on a fermion χˆ we find that
ΓˆADˆAχˆ = e
−αφγαDαχI ⊗ ηI + ge−αφγαAiαTiIJχJ ⊗ ηI
+
1
2
(α(d− 1) + β(D − d))e−αφ∂αφγαχI ⊗ ηI
+
1
8
e(β−2α)φgF iαβγ
αβγd+1χI ⊗KiaγaηI . (1.50)
If we then consider a conjugate spinor η˜I for each one of the spinor basis elements ηI
which we chose such that η˜IηJ = δ
I
J , then we can contract (1.50) with η˜
I to find that
the Dirac equation implies
0 =
[
e−αφγαDαχI + ge−αφγαAiαTi
I
Jχ
J
+
1
2
(α(d− 1) + β(D − d))e−αφ∂αφγαχI
+
1
8
e(β−2α)φgF iαβ(η˜
IKiaγ
aηJ)γ
αβγd+1χJ
]⊗ 1l . (1.51)
After a redefinition of χ by a factor of e
1
2
(α(d−1)+β(D−d)) which eliminates the second line of
(1.51) we find that the Dirac equation for a free spinor in D = odd dimensions ΓˆADˆAχˆ = 0
reduces to
0 = γαDαχ
I + gγαAiαTi
I
Jχ
J +
1
8
e(β−α)φgF iαβ(η˜
IKiaγ
aηJ)γ
αβγd+1χJ . (1.52)
However this equation integrates to an action which is invariant under χI → Λsγd+1χI .
This can be thought of as a pin transformation for which χI+ is a spinor and χ
I
− is a
pseudospinor, so the theory is non chiral.
Furthermore we have seen that in d = 4n dimensions it is important that the reduced
theory contains a complex coupling in order to prevent there being a symmetry under
a pin transformation which exchanges fermions with their conjugates. However if we
consider the reduction of a D = odd dimensional spinor
χˆ = χI+ ⊗ ηI + χI− ⊗ ηI , (1.53)
then the expansion of the D dimensional conjugate spinor Cˆχˆ
T
will be in terms of the
same Dirac zero modes ηI and must describe the degrees of freedom associated with the
d dimensional conjugate spinor CχI
T
so
Cˆχˆ
T
= MJICχI+
T ⊗ ηJ +MJICχI−
T ⊗ ηJ , (1.54)
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where M IJ is some invertible constant matrix. This shows that if D is odd there always
an intertwiner M IJ between the representation of the internal symmetry group carried by
any d dimensional fermion of a particular chirality and the representation carried by its
conjugate. An identical argument applies for the reduction of the gravitino. This means
that d dimensional reduced fermions always form real representations of the internal
symmetries and so couplings to the Kaluza-Klein vector cannot make the theory chiral.
It also is clear from the ansatz for the spinor reduction (1.39) that any additional
gauging in D dimensions will result in as many positive-chirality spinors as negative-
chirality spinors transforming in the same representation after the reduction. So the
reduction of any theory from D = odd to d = even cannot produce a theory with a chiral
gauge symmetry.
If we consider instead the reduction of a D = even theory on an even-dimensional
space, then we must split spinors of the internal space into positive and negative-chirality
parts η+I+ and η−I− with respect to the internal space γ
k+1 so that γk+1η+I+ = η+I+ ,
γk+1η−I− = −η−I− . Here I+ is an index that counts the number of positive-chirality
spinors on the internal space and I− counts the number of negative-chirality spinors. A
D dimensional spinor χˆ is then reduced as
χˆ = χI+(xµ)⊗ η+I+(ym) + χI−(xµ)⊗ η−I−(ym) . (1.55)
Carrying out the reduction as before we find that the Dirac equation ΓˆADˆAχˆ = 0 implies
the d dimensional equations
0 = γαDαχ
I+ + gγαAiαTi
I+
J+χ
J+ +
1
8
e(β−α)φgF iαβ(η˜
I+Kiaγ
aηJ−)γ
αβγd+1χJ− ,
0 = γαDαχ
I− + gγαAiαTi
I−
J−χ
J− +
1
8
e(β−α)φgF iαβ(η˜
I−Kiaγ
aηJ+)γ
αβγd+1χJ+ . (1.56)
If the D dimensional theory was non-chiral then χˆ and consequently χI+ and χI− have
no intrinsic chiralities. This means that the reduced action is invariant under a pin
transformation where χI± → Λsγd+1χI± and so does not represent a chiral theory.
However, if we consider the case where the D dimensional theory treats spinors of
different chiralities in different ways then we must instead decompose χˆ+. This means
that as ΓˆD+1 = γd+1 ⊗ γk+1 we find that
χˆ+ = χ
I+
+ ⊗ η+I+ + χI−− ⊗ η−I− . (1.57)
From which we find that the reduced field equations become
0 = γαDαχ
I+
+ + gγ
αAiαTi
I+
J+χ
J+
+ −
1
8
e(β−α)φgF iαβ(η˜
I+
+ Kiaγ
aη−J−)γ
αβχ
J−
− ,
0 = γαDαχ
I−
− + gγ
αAiαTi
I−
J−χ
J−
− +
1
8
e(β−α)φgF iαβ(η˜
I−
− Kiaγ
aη+J+)γ
αβχ
J+
+ . (1.58)
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With this final set of constraints the manifest non-chirality is removed from the field
equations and we find that this reduction can generate a chiral theory.
It is also useful at this point to examine why our previous argument about not finding
complex representations after dimensional reductions breaks down for the reduction of a
chiral theory on an even-dimensional space. This is because if the spinor χˆ+ is expanded
as shown in (1.57), then in a reduction to d = 4n dimensions the expansion of its conjugate
is
Cˆχˆ+
T
= MJ+I+Cχ
I+
+
T
⊗ ηJ++ +MJ+I+CχI−−
T
⊗ ηJ−− if D = 4N ,
Cˆχˆ+
T
= MJ+I−Cχ
I−
−
T
⊗ ηJ++ +MJ−I+CχI++
T
⊗ ηJ−− if D = 4N + 2 . (1.59)
This means that in a reduction from D = 4N + 2 the intertwiner is not between the
representation carried by χ
I+
+ and its conjugate but between the representation carried
by χ
I+
+ and the representation carried by the conjugate of χ
I−
− . This means that the
representations can be complex and so the theory can be chiral.
On the other hand, if we are reducing from D = 4N , an intertwiner between the
representation carried by χ
I+
+ and its conjugate does exist. However for the D = 4N
dimensional theory to be chiral in the first place, the spinor χˆ+ must be charged under
another complex representation in the D dimensional theory. As the reduction of a
positive-chirality D dimensional spinor carrying an additional complex representation Q
produces a set of positive-chirality spinors in Q labeled by I+ and a set of negative-
chirality spinors in Q labeled by I−, if the range of I+ is different from that of I−, then
there will not be a one-to-one map between spinors of different chiralities carrying Q so
the symmetry can be chiral.
These arguments seem to show that only chiral theories can reduce to other chiral
theories in d = 4n dimensions. However, it is important to note that there is a way for
a non-chiral theory to reduce to a chiral one and so avoid the no-go statements we have
made. This can happen when the internal space has special points at which certain fields
are forced to vanish. A common situation in which this occurs is when there is a discrete
symmetry of the D dimensional theory as well as an appropriate discrete symmetry of
the internal space. In this situation a reduction on an orbifold constructed by quotienting
out the internal space by its discrete symmetry can result in a chiral theory. This can be
demonstrated by considering the reduction of a D dimensional theory with a Z2 symmetry
under which the direction parallel to a vector nˆM is inverted and directions normal to nˆM
are untransformed. We will chose to consider the case where nˆA has only components in
internal space directions nˆα = 0 and will normalise nˆA such that nˆAnˆA = 1.
Under this symmetry, fermions of different chiralities with respect to nˆAΓˆ
A must trans-
form in the opposite way under the Z2 in order for the kinetic terms in the action to be
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invariant. For example we may have
1
2
(1 + nˆAΓ
A)χˆ→ 1
2
(1 + nˆAΓ
A)χˆ ,
1
2
(1− nˆAΓA)χˆ→ −1
2
(1− nˆAΓA)χˆ . (1.60)
If the spinors of the internal space then also transform under the Z2 in an analogous way
1
2
(1 + naγ
a)ηI → 1
2
(1 + naγ
a)ηI ,
1
2
(1− naγa)ηI → −1
2
(1− naγa)ηI , (1.61)
then at the fixed points of the symmetry we must have
1
2
(1− nˆAΓA)χˆ|f.p. = 0 , 1
2
(1− naγa)ηI |f.p. = 0 , (1.62)
expanding out the gamma matrices and spinors as in (1.40) and (1.39) we find that
1
2
(1− γd+1)χ⊗ 1
2
(1 + γana)ηI |f.p. = 0 , (1.63)
but the value of 1
2
(1 + γana)ηI at the fixed point is not constrained by the symmetry so
we must have χ− = 0.
The reduction then proceeds as before except that the expansion of the spinors on the
internal space now involves this extra chiral restriction which causes the reduction of the
Dirac equation to become
0 = γαDαχ
I
+ + gγ
αAiαTi
I
Jχ
J
+ . (1.64)
In d = 4n+2 dimensions this is chiral and in 4n dimensions can be made chiral by complex
couplings to additional elementary gauge fields in the D dimensional theory. The most
well-known example of a reduction of this type is the D = 11, d = 10 Horava-Witten
construction [8, 9, 10]. We will further discuss models of this sort throughout this thesis
and will focus in particular on a reduction of this type in Chapter 2 for the D = 7, d = 6
case.
1.5 Problems with Preserving Chirality
Even in situations where the starting theory is chiral and so the arguments of the previous
section do not rule out a chiral theory after the reduction, chirality is still not guaranteed.
One reason for this can simply be that the internal space does not alow any Dirac zero
modes. This means that there are no possible expansions of the D dimensional spinors
that result in massless modes after reduction. By taking the square of the Dirac operator
(i/D)2 = −DaDa − 1
2
γab[Da, Db] = −DaDa + 1
4
R , (1.65)
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we find that, since −DaDa is a non-negative operator for physical fields, then if R > 0 the
Dirac operator can have no zero eigenvalues. This simple theorem by Lichnerowicz [11]
can be combined with a theorem by Lawson and Yau [12] which demonstrates that for
any compact space with a non abelian symmetry group there exists a metric of positive
scalar curvature. Together these theorems shows that internal spaces with non-abeilain
symmetries spaces do not give rise to massless spinors in the reduced theory. However
this calculation has ignored the possibility of extra elementary gauge fields in the Dirac
operator which can allow for zero modes on curved spaces by adding an extra term to
(1.65).
Another important way in which the dimensional reduction of a chiral theory can give
a non-chiral theory occurs when D = 4N + 2 and d = 4n. Then the D dimensional
theory can involve no complex couplings and may reduce to a d dimensional theory in
which complex couplings are not generated. If this is the case, then the D dimensional
theory may be chiral but the d dimensional theory will not. This situation is of special
importance in the context of string phenomenology as it applies to reductions of chiral
D = 10 string theories to d = 4.
In the case of a free spinor minimally coupled to gravity, this situation is extremely
generic and a theorem by Atiyah and Hirzebruch [13] shows that any reduction on a space
with any continuous symmetry results in a non-chiral theory. To see this, let us first define
the character valued index of the internal space Dirac operator for a representation Q as
indexQ(/D). This is given by the number of positive-chirality zero modes of /D which
transform in Q minus the number with negative-chirality zero modes that transform in
Q. We will then show that indexQ(/D) vanishes for any Q which is a representation of the
internal space symmetries.
As any infinitesimal symmetry transformation can be approximated arbitrarily well by
an appropriately chosen U(1) subgroup we need only show that the character valued index
vanishes for any U(1) representation. We therefore restrict to considering representations
where
δψ = ΛLKψ , (1.66)
for some internal space spinor ψ. As the spinor Lie derivative commutes with the Dirac
operator, LK and /D can be simultaneously diagonalized such that
iLKψ = nψ , i/Dψ = λψ , (1.67)
where n and λ are real numbers and as ψ transforms under the symmetry n 6= 0.
We now define a Hamiltonian H = (i/D)2 with eigenstates such that Hψ = λ2ψ. As
Hi/Dψ = λ2i/Dψ so ψ and i/Dψ are degenerate eigenstates which transform in the same
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Figure 1.2: a) Positive-chirality eigenstates of H (represented by ×) with λ 6= 0 are paired with
negative-chirality eigenstates (represented by ◦) of the same λ. b) When H is perturbed to Ht, the pairing
of states with λ 6= 0 is preserved. So the character valued index of the Dirac operator is unchanged.
representation Q, unless i/Dψ = 0. However as as γk+1/D = −/Dγk+1 these eigenstates will
be of opposite chiralities. This means that states in Q which have non zero λ2 are always
paired with a state of the opposite chirality in Q. This pairing of λ2 6= 0 modes is a
topological property of the system so, any perturbation that is U(1) invariant and that
does not modify γk+1/D = −/Dγk+1 but that changes the energies of the eigenstates must
still preserve the pairing.
This means that indexQ(/D) is invariant under these perturbations. We therefore con-
sider instead indexQ(/Dt) where
i/Dt = i/D + tγ
aKa , (1.68)
the result of which will be independent of t. We then define the hamiltonian
Ht = (i/Dt)
2 = (i/D)2 + t2KaK
a + 2itKaDa + itγ
abDaKb . (1.69)
Acting on an n and λ eigenstate as shown in (1.67) this gives
Ht = λ
2 + t2KaK
a + 2tn+
1
2
itγabDaKb . (1.70)
We then chose that t > 0 if n > 0 and t < 0 if n < 0 so that t2K2 + 2tn > 0. Then for all
n at large |t| the eigenvalues of Ht become large and positive and so indexQ(/Dt) vanishes,
unless Ka = 0.
Near a zero of Ka we can expand in locally Euclidean coordinates ya so that Ka =
Ωaby
b + . . . for a constant matrix Ωab = −Ωba. Then for sufficiently small ya the Hamil-
tonian (1.69) becomes
Ht = (i/D)
2 − itγabΩab . (1.71)
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Figure 1.3: a) A sphere background without flux is invariant under parity. b) When a flux is turned
on, the sphere and monopole background develops a handedness.
However, close to this zero we also find that (1.67) implies that for an n eigenstate ψ
−1
4
iΩabγ
abψ = nψ . (1.72)
This means that acting on an n and λ eigenstate one has
Ht = λ
2 + 4tn . (1.73)
If we take t > 0 if n > 0 and t < 0 if n < 0 as before then (1.73) has only positive
eigenvalues and so indexQ(/Dt) = indexQ(/D) = 0.
As the expansion of any fermion in the D dimensional theory is carried out with respect
to these internal-space Dirac zero modes, any representation carried by fermions in the
reduced theory must treat positive-chirality spinors in the same way as negative-chirality
spinors. This means that any gaugings of this symmetry cannot distinguish positive-
chirality fermions from negative-chirality fermions and so cannot make the theory chiral.
These no-go theorems can be partially extended to the Rarita-Schwinger equation for
which it can be shown that reductions on homogenous spaces do not give rise to chiral
theories [14]. However, as with the Lichnerowicz theorem, these no-go statements can be
avoided if the D dimensional theory contains elementary vector fields. One reason for this
is that a flux in these fields is generally not invariant under parity transformations of the
internal space. This adds a handedness to the internal space which can therefore treat
positive-chirality (right handed) fields differently from negative-chirality (left handed)
ones allowing a chiral theory to be produced after the reduction. An explicit example of
this sort of reduction will be demonstrated in Chapter 5 .
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Chapter 2
Heterotic M-Theory in Seven
Dimensions
2.1 Introduction
Anomaly-free chiral N = (1, 0) gauged supergravities in 6 dimensions [4, 15, 16, 17,
18, 19, 20, 21] have intriguing possible phenomenological applications, in particular for
scenarios involving supersymmetry in large extra dimensions [22, 23]. A key challenge
with such chiral supergravity models has been to embed them in string or M-theory while
also ensuring the absence of quantum gravitational or gauge anomalies. As mentioned
in Section 1.4, one way to generate anomaly-free chiral models is the Horˇava-Witten
mechanism [8, 9]. This avoids the problems with generating a chiral theory in a reduction
from odd dimensions by carrying out the compactification on S1/Z2. Here we will work
in what is known as the downstairs picture in which S1/Z2 is viewed as an interval lying
between the fixed points which define the interval boundaries.
Before taking the limit where the interval size becomes small the 6 dimensional bound-
aries of the theory are populated by the 7 dimensional bulk fields projected out by the
boundary conditions. These projections lead to chiral parts of the 7 dimensional fields
propagating on the 6 dimensional boundaries which can give rise to anomalies. To ensure
anomaly freedom we must then couple additional 6 dimensional matter to the system
which is confined to live only on the boundaries. The anomalies caused by these ad-
ditional fields can then cancel the boundary-localised anomalies of the 7 dimensional
theory. When this is complete the small-interval limit can then be taken resulting in a
chiral anomaly-free theory after the reduction.
In order to obtain an N = (1, 0) 6 dimensional theory with gauged U(1) R-symmetry in
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Figure 2.1: a) The orbifold S1/Z2 in the upstairs picture in which points on either side of the line of
reflection are identified. b) The fundamental domain of S1/Z2 in the downstairs picture, represented as
an interval between the Z2 fixed points.
this way, one would need to begin this stage of reduction with an appropriate 7 dimensional
theory. For this purpose, we shall use the construction of [24] which achieved 7 dimensional
R-symmetry starting from N = 1, D = 10 supergravity and reducing on the noncompact
space H(2, 2), which is endowed with a Euclidean signature metric of cohomogeneity
one. This produces a theory containing minimal 7 dimensional supergravity coupled to
Super Yang-Mills with an SO(2, 2) noncompact gauge group. The noncompact nature of
this gauge group is essential for allowing subsequent truncation to a chiral 6 dimensional
theory that retains an R-symmetry gauging of the sort found in [25].
Reduction on a noncompact space obviously raises a number of important issues which
would need to be addressed before such a construction could be considered physically
reasonable. We will comment on this problem, but this issue will not be our main focus
here. Rather, we will focus on reducing the 7 dimensional theory to a chiral theory is 6
dimensions which is free from mixed gravitational, supersymmetry and gauge anomalies.
The anomaly analysis of [8, 9] for the reduction of D = 11 M-theory on S1/Z2 yielded
E8 Super-Yang-Mills matter multiplets on each of the two 10 dimensional boundaries.
A similar analysis involving the reduction of the 7 dimensional theory obtained in [24]
on S1/Z2 down to 6 dimensions will be our main focus in the present chapter. SU(2)
gauged half-maximal 7 dimensional supergravity, and its coupling to vector multiplets
have been studied on a manifold with boundaries in [26, 27]. There are however, important
differences in the models considered in those papers and the ones we study in this chapter,
the most important one being that, unlike in [26, 27], we here maintain R-symmetry
gauging on the boundary. As mentioned above, starting from a noncompact gauge theory
in 7 dimensions is essential for this to work. Furthermore, we will study the couplings
of the scalar fields surviving the Z2 projection on the boundary, and will determine the
complete set of boundary conditions needed for closure under supersymmetry.
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In Section 2.2 we will review the 7 dimensional N = 1 gauged supergravity which
will describe our bulk theory [28]. This can be obtained starting from N = 1, D = 10
supergravity reduced on H(2, 2) as in [24]. Then, in Section 2.3 we will go on to consider
this theory on an S1/Z2 orbifold and we will demonstrate the necessity of appropriate
Gibbons-Hawking-York terms. After this, we will continue on in Section 2.4 to consider
a dimensional reduction of the 7 dimensional bulk theory to 6 dimensions by taking a
limit of vanishing orbifold size. This will result in a chiral theory but one which suffers
from anomalies in the 6 dimensional symmetries. To cure this we will then go on to add
6 dimensional boundary-localised matter in the way we have described above.
The coupling of 6 dimensional supersymmetric boundary-localised matter to the 7
dimensional bulk theory involves some delicate steps. In Section 2.5 we will concentrate
on the coupling of boundary 6 dimensional vector multiplets to the 7 dimensional bulk
fields. This involves, firstly, a careful consideration of how the boundary conditions for
the bulk fields need to be modified in the presence of the boundary fields, which we will
show in Section 2.5.1 and then a modified version of Noether Coupling, which we will
show in 2.5.2.
Since the raison d’eˆtre of the boundary fields is to provoke a “classical” anomalous
gauge variation which can be used to compensate for quantum anomalies occurring via
quantum loops on the 6 dimensional boundaries, one expects the bulk-plus-boundary
field construction to produce a non-vanishing variation under gauge symmetries. However,
since the closure of the supersymmetry algebra generates gauge transformations, one finds
that the classical gauge anomalies are accompanied by classical supersymmetry anomalies
as well. Accordingly, one cannot carry out the construction of the bulk-plus-boundary
system while requiring exact supersymmetry invariance. Instead, one must be guided by
the necessity of ensuring that the total variation of the bulk-plus-boundary system satisfies
the Wess-Zumino consistency conditions, in order to have the structure necessary to cancel
anomalies that will arise from boundary-field quantum loops. This is also discussed in
Section 2.5.2.
There is an alternative 7 dimensional theory to the one we have described in which
the 3-form is dualised to 2-form. As the coupling of the 6 dimensional boundary matter
is highly dependent upon this 3-form and the details of dualisation are not simple in the
presence of a boundary we will therefore also demonstrate how the coupling of vector
multiplets proceeds in the 2-form case in Section 2.5.3.
In Section 2.6, we will consider the coupling of boundary-localised hypermultiplets.
This proceeds in a similar way to the coupling of the boundary vector multiplets. However,
as there is no classical bosonic anomaly associated to the hypermultiplets, there will be
no corresponding classical supersymmetry anomaly. The coupling of hypermultiplets is
complicated by the fact that the scalars of the bulk and boundary sectors are required to
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combine to form a quaternionic Ka¨hler manifold (QKM). We will demonstrate that this
imposes a constraint on the Sp(1) connection of the boundary sector which sets it equal
to the Sp(1) connection of the bulk.
The models we construct in Sections 2.5 and 2.6 will be Wess-Zumino consistent, but
will not yet provide the full set of classical anomalies that are needed to cancel all the
quantum anomalies. In Section 2.7, we will consider extensions of the present model
that can give rise to the remaining cancellations. We will consider the supersymmetric
extension of the bulk model Chern-Simons terms, focusing particularly on a topological
mass term. As well as examining alternative boundary conditions, we finally will look at
the coupling of boundary-localised tensor multiplets.
In Section 2.8, we will consider an explicit example of an anomaly-cancelling system.
To do this, we will calculate the anomaly polynomial produced by one-loop quantum ef-
fects. We will then show how the Wess-Zumino consistent classical anomalies constructed
so far can be arranged so as to cancel these quantum anomalies.
Finally in Section 2.9 we will take the limit in which the boundaries become coincident.
For simplicity this limit will be taken when the boundaries are populated the vector
multiplets of Section 2.5.2. The reduction in the general case, in which all additional
couplings are included, then proceeds similarly. This reduction will allow us to explicitly
demonstrate how the bulk and boundary fields of the 7 dimensional theory couple to form
a chiral 6 dimensional theory.
2.2 D = 7 3-Form Supergravity
Seven dimensional N = 1 supergravity in the absence of boundaries has been well studied,
and the action of the supergravity multiplet coupled to n vector multiplets is known [28].
The fields in this action form a reducible multiplet with field content,
(eˆM
A, AˆMNR, σˆ, Aˆ
Iˆ
M , φ
rˆi, ψˆ
A
M , χˆ
A, λˆrˆA) , (2.1)
where M = 0, . . . , 5, 7 is the world index, which is raised and lowered with the metric
gˆMN and A = 0ˆ, . . . , 5ˆ, 7ˆ is the tangent-space Lorentz index
1, which is raised and lowered
with the metric ηAB = diag(−+ · · ·+).
The scalars φrˆi parametrise a coset,
SO(n, 3)
SO(n)× SO(3) , (2.2)
1Here we use notation in which the tangent space indices take hatted values in order to allow the
world index 7 to be distinguished from the tangent space index 7ˆ in what follows.
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for which we can form the representative elements Li
Iˆ
and Lrˆ
Iˆ
, where Iˆ = 1, . . . , n + 3
is an SO(n, 3) index, which is raised and lowered with the SO(n, 3) invariant metric
ηIˆJˆ = diag(−−− + . . .+). i = 1, . . . , 3 is an SO(3) index and rˆ = 1, . . . , n is an SO(n)
index; these are raised and lowered with the Kronecker deltas δij and δrˆsˆ respectively.
The coset representatives satisfy the relations
− Li
Iˆ
Li
Jˆ
+ Lrˆ
Iˆ
Lrˆ
Jˆ
= ηIˆJˆ ,
Li
Iˆ
LIˆj = −δij , LrˆIˆLIˆsˆ = δrˆsˆ , LiIˆLIˆrˆ = 0 . (2.3)
The spinors are symplectic Majorana and carry an Sp(1) doublet index A = 1, 2 which is
raised and lowered with the metric AB
2. The Sp(1) indices will often be suppressed, as
in χσi = χAσiA
B
B.
The action for these fields, up to terms quadratic in fermions, is given by
SSG =
1
κ2
∫
d7xeˆ
{
1
2
Rˆ− 1
4g2
eσˆFˆ iMN Fˆ
MNi − 1
4g2
eσˆFˆ rˆMN Fˆ
MNrˆ
− 1
48
e−2σˆFˆMNRSFˆMNRS − 1
24
√
2g2
εˆMNRSTUV AˆMNRFˆ
rˆ
ST Fˆ
rˆ
UV
− 5
8
∂M σˆ∂
M σˆ − 1
2
Pˆ irˆM Pˆ
Mirˆ − 1
4
g2e−σˆ
(
CirˆCirˆ − 1
9
C2
)
− i
2
ψˆM γˆ
MNRDˆN ψˆR − 5i
2
χˆγˆMDˆM χˆ− i
2g2
λˆ
rˆ
γˆMDˆM λˆrˆ
− 5i
4
χˆγˆM γˆN ψˆM∂N σˆ − 1
2g
λˆ
rˆ
σiγˆM γˆN ψˆM Pˆ
irˆ
N
+
i
96
√
2
e−σˆFˆMNRS
(
ψˆ[Lγˆ
LγˆMNRS γˆT ψˆT ] + 4ψˆLγˆ
MNRS γˆLχˆ
− 3χˆγˆMNRSχˆ+ 1
g2
λˆ
rˆ
γˆMNRSλˆrˆ
)
+
1
8g
e
σˆ
2 Fˆ iMN
(
ψˆ[Lσ
iγˆLγˆMN γˆT ψˆT ]
− 2ψˆLσiγˆMN γˆLχˆ+ 3χˆσiγˆMN χˆ−
1
g2
λˆ
rˆ
σiγˆMN λˆrˆ
)
− i
4g2
e
σˆ
2 Fˆ rˆMN
(
ψˆLγˆ
MN γˆLλˆrˆ + 2χˆγˆMN λˆrˆ
)
− i
√
2
24
ge−
σˆ
2C
(
ψˆM γˆ
MN ψˆN + 2ψˆM γˆ
M χˆ+ 3χˆχˆ− 1
g2
λˆ
rˆ
λˆrˆ
)
+
1
2
√
2
e−
σˆ
2Cirˆ
(
ψˆMσ
iγˆM λˆrˆ − 2χˆσiλˆrˆ
)
+
1
2g
e−
σˆ
2C rˆsˆiλˆ
rˆ
σiλˆsˆ
}
, (2.4)
where FˆMNRS = 4∂[MANRS] is the field strength, invariant under tensor gauge transfor-
mations δAˆMNR = 3∂[M λˆNR] and the antisymmetric tensor carrying tangent space indices
2Our conventions are: ψA = ABψB , ψA = ψ
BBA and AB
BC = −δAC .
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satisfies εˆ0ˆ1ˆ2ˆ3ˆ4ˆ5ˆ7ˆ = 1. Furthermore,
Fˆ IˆMN = 2∂[M Aˆ
Iˆ
N ] + fJˆKˆ
IˆAˆJˆM Aˆ
Kˆ
N ,
Fˆ iMN = Fˆ
Iˆ
MNL
i
Iˆ
, Fˆ rˆMN = Fˆ
Iˆ
MNL
rˆ
Iˆ
,
ωˆ0MNR(Aˆ
Iˆ) = Fˆ Iˆ[MN Aˆ
Iˆ
R] −
1
3
fIˆJˆKˆAˆ
Iˆ
M Aˆ
Jˆ
N Aˆ
Kˆ
R ,
DˆM = ∂ˆM +
1
4
ωˆMABγˆ
AB +
1
2
√
2
QˆiMσ
i , QˆiM =
i√
2
ijkQˆjkM ,
QˆijM = L
Iˆj
(
δKˆ
Iˆ
∂M + fIˆJˆ
KˆAˆJˆM
)
Li
Kˆ
, QˆrˆsˆM = L
Iˆ rˆ
(
δKˆ
Iˆ
∂M + fIˆJˆ
KˆAˆJˆM
)
Lsˆ
Kˆ
,
Pˆ irˆM = L
Iˆ rˆ
(
δKˆ
Iˆ
∂M + fIˆJˆ
KˆAˆJˆM
)
Li
Kˆ
, C = − 1√
2
fIˆJˆKˆL
IˆiLJˆjLKˆkijk ,
Cirˆ =
1√
2
fIˆJˆKˆL
IˆjLJˆkLKˆrˆijk , C rˆsˆi = fIˆJˆKˆL
Iˆ rˆLJˆ sˆLKˆi , (2.5)
and Rˆ is the curvature defined with respect to the torsion-free Levi-Civita connection.
The vectors AˆJˆM gauge a group K ⊂ SO(n, 3) with n+3 generators. Possible gauge groups
are discussed in [29]. Of special interest are certain non-compact gauge groups which allow
an R-Symmetry gauging upon dimensional reduction to six dimensions followed by chiral
truncation. We shall make restrictions to such gaugings in Section 2.3, but for now we
will leave the construction general.
The action is invariant under the following local supersymmetry transformations,
δeˆM
A = iˆγAψˆM ,
δψˆM = 2DˆM ˆ− 1
240
√
2
e−σˆFˆRSLT
(
γˆM γˆ
RSLT + 5γˆRSLT γˆM
)
ˆ
− i
20g
e
σˆ
2 Fˆ iRSσ
i
(
3γˆM γˆ
RS − 5γˆRS γˆM
)
ˆ−
√
2
30
ge−
σˆ
2CγˆM ˆ ,
δχˆ = −1
2
γˆM ∂ˆM σˆˆ− 1
60
√
2
e−σˆFˆMNRS γˆMNRS ˆ
− i
10g
e
σˆ
2 Fˆ iMNσ
iγˆMN ˆ+
√
2
30
ge−
σˆ
2Cˆ ,
δAˆMNR =
3i√
2
eσˆ ˆγˆ[MN ψˆR] − i
√
2eσˆ ˆγMNRχˆ ,
δAˆIˆM = −ge−
σˆ
2
(
ˆσiψˆM + ˆσ
iγˆM χˆ
)
LIˆi + ie−
σˆ
2 ˆγˆM λˆ
rˆLIˆ rˆ,
δσˆ = −2iˆχˆ ,
δLi
Iˆ
=
1
g
ˆσiλˆrˆLrˆ
Iˆ
, δLrˆ
Iˆ
=
1
g
ˆσiλˆrˆLi
Iˆ
,
δλˆrˆ = −1
2
e
σˆ
2 Fˆ rˆMN γˆ
MN ˆ+ igγˆM Pˆ irˆMσ
iˆ− i√
2
ge−
σˆ
2Cirˆσiˆ . (2.6)
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2.3 The Model on an S1/Z2 Orbifold
The action has a Z2 parity symmetry under which x7 → −x7, and the following fields
have even parity:
(eˆµ
α, eˆ7
7ˆ, Aˆµν7, σˆ, Aˆ
I′
µ , Aˆ
I
7, φ
ri, ψˆα+, ψˆ7ˆ−, χˆ−, λˆ
r
−, λˆ
r′
+) , (2.7)
whilst the odd-parity fields are
(eˆµ
7ˆ, eˆ7
β, Aˆµνρ, Aˆ
I
µ, A
I′
7 , φ
r′i, ψˆα−, ψˆ7ˆ+, χˆ+, λˆ
r
+, λˆ
r′
−) , (2.8)
where the scalars (φri, φr
′i) parametrize the coset (2.2). The supersymmetry transforma-
tion rules are consistent with these parity assignments provided that + has even parity
and − has odd parity. In the definitions (2.7) and (2.8), we have split up the index M
into the 7 direction and the directions normal to it, which are labelled by µ = 0, . . . , 5.
Similarly we have decomposed the tangent space directions labeled by A into α = 0ˆ, . . . , 5ˆ
and 7ˆ. We have also defined a chiral projection operator P± = 12(1± γ 7ˆ), which projects
onto chiral spinors in the standard way, i.e. χ± = P±χ. The rˆ and Iˆ indices have also
been split as
Iˆ = {I , I ′}, I = 1, . . . , p+ 3 , I ′ = p+ 4, . . . , n+ 3
rˆ = {r , r′}, r = 1, . . . , p , r′ = p+ 1, . . . , n (2.9)
where 0 ≤ p ≤ n. Next, we observe that the requirement that the Yang-Mills field
strength (2.5) have a definite parity imposes the conditions
fIJ
K = fI′J ′
K = 0 . (2.10)
The possible groups K which posses this property and which reduce to give a gauged
supergravity in 6 dimensions are SO(3, 1), SO(2, 1) and SO(2, 2) [29]. Since the action
is invariant under a Z2 symmetry, we can formulate the action integral on a manifold
M × I, where M is an arbitrary 6 dimensional spacetime and I = S1/Z2 is an interval
with boundaries (∂M) at x7 = 0 and x7 = L. Assuming that all fields are continuous and
smooth, the parity assignments then imply the following boundary conditions:
(eˆµ
7ˆ, eˆ7
β, Aˆµνρ, Aˆ
I
µ, A
I′
7 , φ
r′i, ψˆα−, ψˆ7ˆ+, χˆ+, λˆ
r
+, λˆ
r′
−)
∣∣
∂M
= 0 ,
∂7(eˆµ
β, eˆ7
7ˆ, Aˆµν7, σˆ, Aˆ
I′
µ , Aˆ
I
7, φ
ri, ψˆα+, ψˆ7ˆ−, χˆ−, λˆ
r
−, λˆ
r′
+)
∣∣
∂M
= 0 . (2.11)
The boundary conditions on φ–scalars imply that the even-parity coset representatives
(LiI , L
r
I) parametrize the coset SO(p, 3)/SO(p) × SO(3), and Lr′I′ = δr′I′ , whilst the odd-
parity coset representatives (LiI′ , L
r
I′ , L
r′
I ) vanish on the boundaries.
The fields whose ∂7 derivatives vanish at the boundaries are the parity even ones. In
a diagonalised basis which will be spelled out in the next section (see eqn. (2.25)), they
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arrange themselves into 6 dimensional supergravity plus a single tensor multiplet, (n− p)
vector multiplets and (p+ 1) hypermultiplets.
We also note that our parity assignments differ from those used in [26, 27] in two
respects. Firstly, while the coupling constant g is declared to be parity odd in [26, 27],
we take it here to be parity even. Secondly, while all the vector fields are taken to be
parity odd in [26, 27], here we split them into two sets, and we assign even parity to one of
these sets. Both of these differences crucially depend on our working with a noncompact
gauged supergravity in 7 dimensions.
In order that the Euler-Lagrange variational principle be consistent with these bound-
ary conditions, the action has to be supplemented by suitable additional terms defined on
the boundary, known as Gibbons-Hawking-York terms. Then the total action takes the
form
S =
∫
M
d7xLSG +
∫
∂M
d6xLGHY . (2.12)
In the rest of this section, we will determine LGHY . We will consider explicitly the
boundary at x7 = 0. The boundary located at x7 = L can be treated similarly.
To begin with, let us consider a general variation of the Einstein-Hilbert term. It
contains a normal derivative of the metric variation, which must be avoided in order that
the boundary conditions implied by the variational principle are not over constrained.
To achieve this, as is well known, one adds an extrinsic curvature term so that the total
action becomes 3
SEH + S
0
GHY =
1
2κ2
∫
M
d7xeˆRˆ +
1
κ2
∫
∂M
d6x
√
−hˆKˆ , (2.13)
where Kˆ is the extrinsic curvature, which is defined as follows. Let nˆN denote the unit
vector normal to the boundary pointing out of M . We construct the induced metric hˆMN
as
gˆMN = hˆMN + nˆM nˆN ; nˆ
M hˆMN = 0 . (2.14)
Consequently, contraction with hˆMN projects onto components of vectors in directions
tangent to the boundary. The extrinsic curvature is defined as
Kˆ = hˆMNKˆMN , KˆMN = hˆ
P
M hˆ
Q
N∇ˆP nˆQ . (2.15)
Then the general variations of (2.13) yields, modulo the Einstein field equation,(
δSEH + δS
0
GHY
) |EOM = − 1
2κ2
∫
∂M
dx6
√
−hˆ
(
KˆMN − KˆhˆMN
)
δgˆMN . (2.16)
3We could alternatively have defined Rˆ with respect to the spin connection which would then con-
tain fermi squared terms. However that definition contributes a total derivative which is subsequently
eliminated by adding appropriate Gibbons-Hawking-York terms, with no further effect in the bulk plus
boundary theory that we will construct [10].
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This vanishes, however, upon imposing the boundary conditions (2.11), which in particular
imply
Kˆµν |∂M = 0 . (2.17)
Turning to the general variation of the fermionic kinetic terms, gives rise to fermion varia-
tions of both chiralities. In order that the boundary conditions implied by the variational
principle are not over constrained by this, we add suitable Gibbons-Hawking terms such
that
SF + S
1
GHY =
1
κ2
∫
M
d7xeˆ
{
− i
2
ψˆM γˆ
MNRDˆN ψˆR − 5i
2
χˆγˆMDˆM χˆ− i
2g2
λˆ
rˆ
γˆMDˆM λˆrˆ
}
+
1
κ2
∫
∂M
d6x
√
−hˆ
{
− i
4
ψˆµγˆ
µνψˆν − 5i
4
χˆχˆ− i
4g2
λˆ
r
λˆr +
i
4g2
λˆ
r′
λˆr′
}
.
(2.18)
As a result, we obtain the total variation, modulo the fermion equations of motion,
(
δSF + δS
1
GHY
) |EOM = 1
κ2
∫
∂M
d6x
√
−hˆ
{
− iψˆµ−γˆµνδψˆν+
− 5iχˆ+δχˆ− −
i
g2
λˆ
r
+δλˆr− +
i
g2
λˆ
r′
−δλˆr′+
}
, (2.19)
which is set to zero when the parity-odd fields vanish on the boundary.
One can check that there is no need for any further Gibbons-Hawking terms, and we
conclude that the total action with a well-defined variational principle yielding the bulk
equations of motion and the boundary conditions (2.11) is given by SSG +S
0
GHY +S
1
GHY .
2.4 Dimensional Reduction and the Diagonalised Ba-
sis for Fields
In describing the coupling of matter fields to supergravity on the boundary, which we
shall do in the next section, it is convenient to express the parity-even bulk fields in a
diagonal basis upon restriction to the boundary. In particular, the gravitino and dilaton
field equations will be put into a canonical form in this basis. To achieve this, we shall
consider the dimensional reduction of SSG on S
1/Z2 in which the boundaries are empty
and coincident. This results in a D = 6, N = (1, 0) chiral gauged supergravity.
We begin by making a Kaluza-Klein ansatz for the metric,
gˆMN =
(
e2αφgµν + e
2βφAµAν −e2βφAµ
−e2βφAµ e2βφ
)
. (2.20)
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We chose values for α and β so as to obtain the standard Einstein-Hilbert gravitational
action in 6 dimensions,
α = − 1
2
√
10
, β = −4α . (2.21)
We will chose our notation such that hatted fields have their indices raised and lowered
with gˆMN , while unhatted fields have their indices raised and lowered with gµν . We can
then make a Lorentz gauge choice in which,
eˆµ
α = eαφeµ
α , eˆµα = e
−αφeµα ,
eˆµ
7ˆ = −eβφAµ , eˆ7α = e−αφAα ,
eˆ7
α = 0 , eˆµ7ˆ = 0 ,
eˆ7
7ˆ = eβφ , eˆ77ˆ = e
−βφ . (2.22)
We note here that in order for the gauge choice (2.22) to be invariant under the supersym-
metry transformations (2.6), we must make a compensating Lorentz transformation with
parameter λˆα7ˆ = −iˆ+γˆαψˆ7ˆ+. As the vielbein is the only boson that transforms under
Lorentz symmetry, the effect of this additional transformation on all other fields can be
ignored, since it is higher order in fermions.
Working in a frame in which nˆA = (0, 0, 0, 0, 0, 0,−1) implies that nˆM = −eˆM 7ˆ. Sub-
stituting this into (2.14) we see that,
gˆMN =
(
hˆµν + e
2βφAµAν hˆµ7 − e2βφAµ
hˆµ7 − e2βφAµ hˆ77 + e2βφ
)
. (2.23)
Comparing (2.20) and (2.23), we can read off the components of hˆ as
hˆµν = e
2αφgµν , hˆµ7 = hˆ77 = 0 ; (2.24)
this will be useful when determining the surface variations later on.
For the lowest-order modes we will consider fields of the 7 dimensional theory are forced
to obey their boundary conditions everywhere in the 7 dimensional space. This means
that all parity odd fields vanish in the small interval limit. The only remaining fields are
then the parity even ones (2.7). To diagonalise the kinetic terms of these surviving parity
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even fields we then make the following redefinitions [29]
σ = σˆ − 2αφ , ϕ = 1
2
σˆ + 4αφ ,
ψr =
1
g
1√
2
e
αφ
2 λˆr− , λ
r′ =
1√
2
e
αφ
2 λˆr
′
+ ,
χ =
√
2e
αφ
2
(
χˆ− +
1
4
ψˆ7ˆ−
)
, ψ =
1√
2
e
αφ
2
(
ψˆ7ˆ− − χˆ−
)
,
ψα =
1√
2
e
αφ
2
(
ψˆα+ − 1
4
γαψˆ7ˆ−
)
, ˆ+ =
1√
2
e
αφ
2  ,
ΦI =
1
g
AˆI7 , A
I′
µ = Aˆ
I′
µ ,
Bµν =
1√
2
Aˆµν7 . (2.25)
Then carrying out the reduction we find that the effective 6 dimensional supergravity is
given by
SSG(6) =
2L
κ2
∫
d6xe
{
1
4
R− 1
8g2
eσF r
′
µνF
µνr′ − 1
12
e−2σGµνρGµνρ − 1
4
∂µσ∂
µσ
− 1
4
∂µϕ∂
µϕ− 1
4
P irµ P
µir − 1
4
PrµPµr −
1
4
P iµPµi
− 1
8
g2e−σ
(
Cir
′
Cir
′
+ 2Sir
′
Sir
′
)
+
1
24g2
εµνρσλτGµνρω
0
σλτ (A
r′)
− i
2
ψµγ
µνρDνψρ − i
2
χγµDµχ− i
2g2
λ
r′
γµDµλr′ − i
2
ψγµDµψ − i
2
ψ
r
γµDµψ
r
− 1
2
ψ
r
σiγµγνψµP
ir
ν −
1
2
ψσiγµγνψµP iν −
i
2
ψ
r
γµγνψµPrν
− i
2
χγµγνψµ∂νσ − i
2
ψγµγνψµ∂νϕ− i
24
e−σGµνρ
(
ψ[λγ
λγµνργτψτ ]
− 2ψλγµνργλχ− χγµνρχ+ ψγµνρψ + ψrγµνρψr −
1
g2
λ
r′
γµνρλr
′
)
− 1
4
P iµ
(
ψ[ρσ
iγργµγτψτ ] + χσ
iγµχ+
1
g2
λ
r′
σiγµλr
′ − ψrσiγµψr − ψσiγµψ
)
− iPrµψγµψr −
i
4g2
e
σ
2F r
′
µν
(
ψργ
µνγρλr
′
+ χγµνλr
′
)
− eσ2Cirr′λr′σiψr + ieσ2Srr′λr′ψr − eσ2Sir′λr′σiψ
+
1
2
√
2
e−
σ
2 λr
′
σiγµψµ
(
Cir
′ −
√
2Sir
′
)
+
1
2
√
2
e−
σ
2 λr
′
σiχ
(
Cir
′ −
√
2Sir
′
)}
,
(2.26)
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where εαβγδλτ = εˆαβγδλτ 7ˆ , and we have used the following definitions:
Gµνρ = 3∂[µBνρ] , F
r′
µν = 2∂[µA
r′
ν] + fs′t′
r′As
′
µA
t′
ν ,
ω0µνρ(A
r′) = F r
′
[µνA
r′
ρ] −
1
3
fr′s′t′A
r′
µA
s′
ν A
t′
ρ ; (2.27)
the elements of the Maurer-Cartan forms are defined as
P irµ = L
Ir
(
δKI ∂µ − fr′IKAr
′
µ
)
LiK ,
Qijµ = L
Ij
(
δKI ∂µ − fr′IKAr
′
µ
)
LiK ,
Qrsµ = L
Ir
(
δKI ∂µ − fr′IKAr
′
µ
)
LsK , (2.28)
the axion field strengths are defined as
P iµ = eϕ
(
∂µΦ
I + f Ir′JA
r′
µΦ
J
)
LiI ,
Prµ = eϕ
(
∂µΦ
I + f Ir′JA
r′
µΦ
J
)
LrI , (2.29)
the gauge functions are defined as
Ckr
′
=
1√
2
kijfr′IJL
IiLJj , Cirr
′
= fr′IJL
IiLJj ,
Sir
′
= −eϕfr′IJΦJLIi , Srr′ = −eϕfr′IJΦJLIr , (2.30)
and the covariant derivative is defined as
Dµ =
(
∂µ +
1
4
ωµαβγ
αβ +
1
2
√
2
Qiµσ
i
)
 , Qiµ =
i√
2
ijkQjkµ . (2.31)
Imposing these boundary conditions on the supersymmetry transformations (2.6) and
writing the result in terms of the redefined fields gives the transformations under which
39
the action (2.26) is invariant:
δeµ
α = iγαψµ ,
δψµ = Dµ− i
2
P iµσi +
1
24
e−σGρστγρστγµ ,
δχ = −1
2
γµ∂µσ− 1
12
e−σGµνργµνρ ,
δBµν = −ieσγ[µψν] + i
2
eσγµνχ ,
δσ = −iχ ,
δAr
′
µ = ie
−σ
2 γµλ
r′ ,
δλr
′
= −1
4
e
σ
2 γµνF r
′
µν−
i
2
√
2
g2e−
σ
2
(
Cir
′ −
√
2Sir
′
)
σi ,
δψ =
i
2
γµ
(P iµσi − i∂µϕ)  ,
δψr =
i
2
γµ
(
P irµ σ
i + iPrµ
)
 ,
δϕ = iψ ,
δLrI = σ
iψrLiI ,
δLiI = σ
iψrLrI ,
δΦI = −LIie−ϕσiψ − iLIre−ϕψr . (2.32)
The fields appearing here can be written in terms of N = (1, 0) multiplets in 6 dimen-
sions. These consist of the supergravity multiplet (eµ
α, ψµ, B
+
µν), a single tensor multi-
plet (B−µν , χ, σ), vector multiplets (A
r′
µ , λ
r′) and hypermultiplets (LrI , L
i
I ,Φ
I , ϕ, ψ, ψr). By
making suitable redefinitions, it is possible to demonstrate that the scalars of the hyper-
multiplets form the enlarged coset
SO(p+ 1, 4)
SO(p+ 1)× SO(4) (2.33)
which is a quaternionic Ka¨hler manifold [29]. However we will not make these redefinitions
here.
These redefined fields and transformations represent the induced supergravity which
is present on the boundary and it is to this supergravity that we will couple boundary-
localised matter in the following sections. When the boundaries are populated by this
localised matter, the transformations (2.32) will be modified corresponding to non-zero
odd × odd terms appearing in the variation of these even-parity fields. However these
transformations will be of higher order in the boundary couplings and so will be ignored
in this discussion.
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2.5 Coupling Boundary Localised Vector Multiplets
2.5.1 Introduction of Boundary Yang-Mills Fields and the Mod-
ified Boundary Conditions
We will now consider turning on a boundary action describing vector multiplets
(CXµ , η
XA) , (2.34)
where η is an Sp(1) pseudo-Majorana spinor with a doublet index A as before and X
labels the adjoint representation of some gauge group K ′. The supersymmetry transfor-
mations of these boundary fields must be given by their known flat-space forms modified
by appropriate bulk dressings. We therefore make the ansatz,
δCXµ = ie
−aσ
2 γµη
X ,
δηX = −1
4
e
aσ
2 γµνHXµν , (2.35)
where HXµν = ∂µC
X
ν − ∂νCXµ + fXY ZCYµ CZν and a is a constant which is to be determined.
From our analysis in Section 2.4, we recognise that the scalar ϕ forms part of the 6
dimensional quaternionic Ka¨hler coset, and as such it is does not arise in the above
transformation rules.
An immediate consequence of having introduced a boundary action is the modification
of the boundary condition (2.17) such that Kµν − gµνK will now be proportional to the
stress tensor of the boundary action. This condition is known as the Israel junction condi-
tion [30]. On the other hand, since the supersymmetry transformation of the odd-parity
gravitino ψµ− contains the extrinsic curvature Kµν , it follows that we must modify its
boundary condition too. Supersymmetry will then require that we modify other bound-
ary conditions as well. To determine these modifications, we begin by recording the
supersymmetry transformation rules of the parity-odd fields4
δψµ− = −1
2
Kµνγ
ν− 1
480
e−σFρσλτ (γµγρσλτ + 5 γρσλτγµ) ,
δχ+ = −1
4
e6αφ∂7ˆσˆ−
1
120
e−σFµνρσγµνρσ , (2.36)
where we have used the bulk supersymmetry transformations (2.6) and have made the
4For clarity, these have been truncated to include only parity-odd fields that receive nontrivial bound-
ary conditions in the following analysis.
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following redefinitions
Kµν = e
4αφKˆµν , K = Kµνg
µν ,
ψµ− =
1√
2
e
9αφ
2 ψˆµ− , χ+ =
1√
2
e
11αφ
2 χˆ+ ,
Fµνρσ =
1√
2
Fˆµνρσ . (2.37)
We have also used the identity
P−
(
Dˆµˆ
)
= −Dˆµ (P−) ˆ = − 1
2
√
2
Kµνγ
νe−
9αφ
2  . (2.38)
Examining these transformations, it follows that we need also to specify the modified
boundary conditions for Fµνρσ, ∂7ˆσˆ and χ+ in a manner consistent with (2.36). Carrying
out this process yields the modified boundary conditions
ψµ−
∣∣
∂M = −
7
20
be(c+
a
2
)σHXµνγ
νηX +
3
40
be(c+
a
2
)σHρσXγµρσηX + (fermi)
3 ,
χ+
∣∣
∂M =
1
20
be(c+
a
2
)σHXµνγ
µνηX + (fermi)
3 ,
e6αφ∂7ˆσˆ
∣∣
∂M = −
1
10
be(c+a)σHXµνH
µν
X + (fermi)
2 ,
Fµνρσ
∣∣
∂M =
3
2
be(1+c+a)σHX[µνHρσ]X + (fermi)
2 ,
Kµν
∣∣
∂M =
1
2
be(c+a)σHXµρHν
ρ
X − 3
40
be(c+a)σHXρσH
ρσ
X gµν + (fermi)
2 , (2.39)
where b and c are further constants, which will be determined in the next section by
considering the cancellation of certain terms in the supersymmetry variation. Further-
more, the bulk Bianchi identity ∂[µFˆνρστ ] = 0 implies that 1 + a + c = 0. The boundary
conditions on all other parity-odd bulk fields vanish at lowest order in fermions.
We can rephrase the boundary condition on Fµνρσ in terms of a condition on Aµνρ.
However, in order to do this we must first modify the bulk supersymmetry transformation
of AˆMNR to
δAˆMNR =
3i√
2
eσˆ ˆγˆ[MN ψˆR] − i
√
2eσˆ ˆγˆMNRχˆ+ ∂[M fˆ
1
NR] . (2.40)
Here, fˆ 1NR is an arbitrary function, linear in ˆ. This does not effect the bulk supersymmetry
as AˆMNR always appears through FˆMNRS or multiplies a total derivative in (2.4). Making
an ansatz for the boundary condition on Aµνρ and then enforcing that its variations under
(2.35) and (2.40) match, we find that
Aµνρ
∣∣
∂M ≡
1√
2
Aˆµνρ
∣∣
∂M
=
3
4
bω0µνρ(C) +
i
8
be−aσηXγµνρηX , (2.41)
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and
f 1µν
∣∣
∂M ≡
1√
2
fˆ 1µν
∣∣
∂M =
3
2
bδC
X
µ CνX . (2.42)
Consistency with the boundary Yang-Mills gauge transformations then requires that we
impose the following boundary condition on the tensor gauge transformation parameter
λµν
∣∣
∂M ≡
1√
2
λˆµν
∣∣
∂M =
1
2
b∂[µC
X
ν] ΛX . (2.43)
As we shall see later, the boundary conditions (2.42) and (2.43) will play a crucial role
in the identifications of the supersymmetry and gauge anomalies, respectively. Note also
that in determining (2.42), we needed to include the term bilinear in fermions. While we
did not need to specify the bilinear fermion terms in (2.39) to the order to which we are
working in determining the boundary action, there is a need to do so in the case of AIµ
in studying the coincident-boundary limit of the bulk-plus-boundary system, as we shall
see in Section 2.9. In that case, the appropriate boundary condition can be seen to be
AIµ
∣∣
∂M = −
κ2
4λ2
e−ϕηXσiγµηXLiI + (fermi)4 . (2.44)
Next, we shall construct the boundary Yang-Mills action, and we shall see that certain
cancellations between the boundary action and the surface terms will fix the coefficients
a, b, c, which are already subject to the condition a+ c+ 1 = 0, as we have seen above.
2.5.2 The Boundary Yang-Mills Action and Classical Anomalies
The general variation of the bulk action supplemented by the Gibbons-Hawking-York
terms defined in (2.13) and (2.18) is given by
δSSG + δS
0
GHY + δS
1
GHY =
∫
M
d7x eˆδL(7)
+
1
κ2
∫
∂M
d6x
√
−hˆ
{
− 1
2
(
KˆMN − KˆhˆMN
)
δgˆMN
− iψˆµ−γˆµνδψˆν+ − 5iχˆ+δχˆ− +
5
4
∂7ˆσˆδσˆ −
1
g2
eσˆδAˆIµL
i
IFˆ
µ7ˆi
− 1
6
e−2σˆFˆ µνρ7ˆδAˆµνρ − 1
6
√
2g2
εˆµνρσλτ AˆµνρFˆ
r′
σλδAτr′
}
, (2.45)
where all parity-odd fields other than those occurring in the modified boundary conditions
(2.39) have been set to zero. It is important to note that we have performed an integration
by parts in such a way that δL(7) contains no derivatives of the variations. However, in
considering the variation of the bulk action under supersymmetry, which we shall do next,
there will be extra surface terms due to the fact that further integrations by parts will be
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needed in order to leave the supersymmetry parameter undifferentiated. These are due
to derivatives of  present in the variation of the gravitino and the 3-from. Collecting the
resulting surface terms, we find∫
M
d7xδL(7) = 1
κ2
∫
∂M
d6x
√
−hˆnˆM
{
− 2iˆγˆMNRDˆN ψˆR − i5
2
χˆγMγN ˆ∂ˆN σˆ
+
i
96
√
2
e−σˆFˆRSTU
(
4ˆγˆ[M γˆRSTU γˆ
N ]ψˆN + 8ˆγˆRSTU γˆ
M χˆ
)
+
1
8g
e
σˆ
2 FˆRSi
(
4ˆσiγˆ[M γˆRS γˆ
T ]ψˆT − 4ˆσiγˆRS γˆM χˆ
)
+
1
6
e−2σˆ∂N fˆ 1RSFˆ
MNRS − 1
24
√
2g2
εˆRSTUVWM fˆ 1RSFˆ
r′
TUF
r′
VW
}
. (2.46)
Substituting this into (2.45) and imposing the boundary conditions gives, after some
algebra,
δSSG + δSGHY =
1
κ2
∫
∂M
d6xeb
{
− 1
8
e−(1+
a
2
)σγρσγµσiηXHρσXP iµ
+
i
48
e−(2+
a
2
)σγρστγµνηXHµνXGρστ − i
96
e−(2+
a
2
)σγλγρστγµνγλη
XHµνXGρστ
+
i
16
e−σγµνρστψτHXµνHρσX +
i
16
e−σγµνρσχHXµνHρσX
− 1
8g2
εµνρσλτω0µνρ(C)F
r′
σλδAτr′ +
1
16g2
εµνρσλτδC
X
µ CνXF
r′
ρσF
r′
λτ
}
, (2.47)
where SGHY = S
0
GHY + S
1
GHY as defined in (2.13) and (2.18). Next we construct the
boundary action such that, together with the bulk action and subject to the modified
boundary conditions (2.39), the total action is invariant under supersymmetry except for
the last two terms in (2.47), which will be interpreted as supersymmetry anomalies and
will be discussed in more detail below.
By employing a modified version of the Noether coupling procedure we find that the
boundary action is given by
SYM =
1
λ2
∫
∂M
d6xe
{
− 1
8
e−σHXµνH
µν
X −
i
2
ηXγµDµηX
− i
4
e−
σ
2HXρσηXγ
µγρσψµ − i
4
e−
σ
2HXµνηXγ
µνχ
}
, (2.48)
where we have determined that
a = −1 and b = κ
2
λ2
, (2.49)
is required. This ensure ensures that the variation of (2.48) does indeed cancel all but
the last two terms of the surface term (2.47).
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One might have expected a term of the form Gµνρη
XγµνρηX to appear in the boundary
action, as such a term is present in the 6 dimensional actions of [15, 16] and was claimed to
be present in [26]. However the Noether procedure does not require such a term and thus it
is absent in the boundary action that we have derived. In Section 2.9 we will demonstrate
that this term emerges in the coincident-boundaries limit by considering the boundary
condition Aµνρ
∣∣
∂M ∼ ηXγµνρηX . In this limit the 4-form kinetic term FMNRSFMNRS will
then give rise to the required term in the reduced action (2.128). A similar process is also
described in [10].
With the parameters a, b fixed as in (2.49) the completely determined boundary con-
ditions take the form:
ψµ−
∣∣
∂M = −
7κ2
20λ2
e−
σ
2HXµνγ
νηX +
3κ2
40λ2
e−
σ
2HρσXγµρσηX + (fermi)
3 ,
χ+
∣∣
∂M =
κ2
20λ2
e−
σ
2HXµνγ
µνηX + (fermi)
3 ,
e6αφ∂7ˆσˆ
∣∣
∂M = −
κ2
10λ2
e−σHXµνH
µν
X + (fermi)
2 ,
Aµνρ
∣∣
∂M =
3κ2
4λ2
ω0µνρ(C) +
iκ2
8λ2
eσηXγµνρηX + (fermi)
4 ,
AIµ
∣∣
∂M = −
κ2
4λ2
e−ϕηXσiγµηXLiI + (fermi)4 ,
Kµν
∣∣
∂M =
κ2
2λ2
e−σHXµρHν
ρ
X − 3κ
2
40λ2
e−σHXρσH
ρσ
X gµν + (fermi)
2 . (2.50)
The boundary conditions on all other parity-odd fields in (2.8)are set to zero at lowest
order in fermions. The vanishing boundary conditions on LiI′, L
r
I′ and L
r′
I imply that the
parity-odd C-functions C , Cir, Cirs and Cir′s′ are also set to zero on the boundary. We
also note that in [26], only the boundary condition on Aµνρ was considered, while our
boundary conditions correspond to the completion of this to a full orbit.
At this point, it is important to check that these boundary conditions are also con-
sistent with the variational principle following from the bulk + boundary action S =
SSG + SGHY + SYM . For example, the variation of the gravitino gives the boundary
contribution ∫
∂M
d6xe
{
− 2i
κ2
ψµ−γ
µν − i
4λ2
e−
σ
2HXρση
Xγνγρσ
}
δψν , (2.51)
which is set to zero by imposing the boundary condition on ψµ− given above. Similarly,
we have checked that the surface terms that arise in the variations of all the other fields
cancel upon use of the stated boundary conditions and boundary field equations.
Next, we turn to the nonvanishing last two terms in (2.47), which we now identify
as the residual supersymmetry anomaly. We note that there is also an anomaly in the
boundary Yang-Mills transformation, and, together with the supersymmetry anomalies,
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they must together satisfy the Wess-Zumino consistency conditions. To see this in more
detail, it is convenient to add the local counterterm
S ′YM =
1
32λ2g2
∫
∂M
d6xeεµνρσλτω0µνρ(C)ω
0
σλτ (A) . (2.52)
This also produces a gauge anomaly in the bulk Yang-Mills gauge transformations and
puts the total gauge anomaly into a symmetric form known as the consistent anomaly
[31]. Then the total variation of the action S ′ = SSG+SGHY +S ′YM under the Yang-Mills
gauge transformations is given by
δΛS
′ =
1
32λ2g2
∫
∂M
d6xe
{
εµνρσλτHXµνHρσX∂λA
r′
τ Λ
r′ + εµνρσλτF r
′
µνF
r′
ρσ∂λC
X
τ ΛX
}
(2.53)
and the last two terms in (2.47) together with the supersymmetry variation of (2.52) yield
the corresponding supersymmetry anomaly
δS
′ =
1
32λ2g2
∫
∂M
d6xe
{
εµνρσλτHXµνHρσXδA
r′
λA
r′
τ − 2εµνρσλτω0µνρ(C)F r
′
σλδA
r′
τ
+ εµνρσλτF r
′
µνF
r′
ρσδC
X
λ CτX − 2εµνρσλτω0µνρ(A)HXσλδCτX
}
. (2.54)
Finally, one may verify that these two anomalies indeed do satisfy the complete set of
Wess-Zumino consistency conditions
δΛ1δΛ2S
′ − δΛ2δΛ1S ′ = δ[Λ1,Λ2]S ′ , (2.55)
δδΛS
′ − δΛδS ′ = 0 , (2.56)
δ1δ2S
′ − δ2δ1S ′ = δΛ˜S ′ , (2.57)
where Λ˜ is the gauge transformation produced by the commutator of two supersymmetry
transformations in the standard way.
2.5.3 D = 7 2-Form Supergravity
As we have seen the couplings of the vector multiplets and the anomalies in their gauge
symmetries are closely related to properties of the bulk 3-form AˆMNR. However, there is
an alternative way of phrasing the 7 dimensional model in which this 3-form is dualised to
a 2-form BˆMN . As the nature of this dualisation is not simple in the presence of boundaries
and anomalies we will show here how the coupling of vector multiples proceeds for the
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dualised bulk action which is given by
SSG =
1
κ2
∫
d7xeˆ
{
1
2
Rˆ− 1
4
1
g2
eσˆFˆ iMN Fˆ
MNi − 1
4g2
eσˆFˆ rˆMN Fˆ
MNrˆ − 1
12
e2σˆGˆMNRGˆ
MNR
− 5
8
∂ˆM σˆ∂ˆ
M σˆ − 1
2
Pˆ irˆM Pˆ
Mirˆ − 1
4
g2e−σ
(
CirˆCirˆ − 1
9
C2
)
− i
2
ψˆM γˆ
MNRDˆN ψˆR
− 5i
2
χˆγˆMDˆM χˆ− i
2g2
λˆ
rˆ
γˆMDˆM λˆrˆ − 5i
4
χˆγˆM γˆN ψˆM ∂ˆN σˆ − 1
2g
λˆ
rˆ
σiγˆM γˆN ψˆMP
irˆ
N
+
i
24
√
2
eσˆGˆMNR
(
ψˆ[Lγˆ
LγˆMNRγˆT ψˆT ] + 4ψˆLγˆ
MNRγˆLχˆ− 3χˆγˆMNRχˆ+ 1
g2
λˆ
rˆ
γˆMNRλˆrˆ
)
+
1
8g
e
σˆ
2 Fˆ iMN
(
ψˆ[Lσ
iγˆLγˆMN γˆT ψˆT ] − 2ψˆLσiγˆMN γˆLχˆ+ 3χˆσiγˆMN χˆ−
1
g2
λˆ
rˆ
σiγˆMN λˆrˆ
)
− i
4g2
e
σˆ
2 Fˆ rˆMN
(
ψˆLγˆ
MN γˆLλˆrˆ + 2χˆγˆMN λˆrˆ
)
+
1
2
√
2
e−
σˆ
2Cirˆ
(
ψˆMσ
iγˆM λˆrˆ − 2χˆσiλˆrˆ
)
− i
√
2
24
ge−
σˆ
2C
(
ψˆM γˆ
MN ψˆN + 2ψˆM γˆ
M χˆ+ 3χˆχˆ− 1
g2
λˆ
rˆ
λˆrˆ
)
+
1
2g
e−
σˆ
2C rˆsˆiλˆ
rˆ
σiλˆrˆ
}
(2.58)
where
GˆMNR = 3∂[M BˆNR] − 3√
2g2
ωˆ0MNR(Aˆ) (2.59)
and all other definitions remain the same as before. This action has no Chern-Simons
term, so we might expect no anomaly to occur as no anomaly inflow is possible. However,
as we now see, this is not the case.
The action is invariant under the following local supersymmetry transformations:
δeˆM
A = iˆγAψˆM ,
δψˆM = 2DˆM ˆ− 1
60
√
2
eσˆGˆRST
(
γˆM γˆ
RST + 5γˆRST γˆM
)
ˆ
− i
20g
e
σˆ
2 Fˆ iRSσ
i
(
3γˆM γˆ
RS − 5γˆRS γˆM
)
ˆ−
√
2
30
ge−
σˆ
2CγˆM ˆ ,
δχˆ = −1
2
γˆM∇ˆM σˆˆ− i
10
e
σˆ
2 Fˆ iMNσ
iγˆMN ˆ− 1
15
√
2
eσˆGˆMNRγˆ
MNRˆ+
√
2
30
e−
σˆ
2Cˆ ,
δBˆMN = i
√
2e−σˆ
(
ˆγˆ[M ψˆN ] + ˆγMN χˆ
)
−
√
2
1
g2
AˆIˆ[MδAˆN ]Iˆ ,
δAˆIˆM = −ge
σˆ
2
(
ˆσiψˆM + ˆγˆMN χˆ
)
LIˆi + ie−
σˆ
2 ˆγˆM λˆ
rˆLIˆ rˆ,
δσˆ = −2iˆχˆ ,
δLi
Iˆ
=
1
g
ˆσiλˆrˆLrˆ
Iˆ
, δLrˆ
Iˆ
=
1
g
ˆσiλˆrˆLi
Iˆ
,
δλˆrˆ = −1
2
e
σˆ
2 Fˆ rˆMN γˆ
MN ˆ+ igγˆM Pˆ irˆMσ
iˆ− i√
2
ge−
σˆ
2Cirˆσiˆ ,
(2.60)
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as well as having a Z2 symmetry which acts as before but now with Bˆµν assigned even
parity and Bˆµ7 odd parity. The action possesses a gauge symmetry under which BˆMN
transforms as
δΛBˆMN =
√
2
g2
∂ˆ[M Aˆ
Iˆ
N ]ΛIˆ . (2.61)
Once again, we begin our construction on a manifold with boundary by adding Gibbons-
Hawking-York terms
SGHY =
∫
∂M
d6x
√
−hˆ
{
Kˆ − i
4
ψˆµγˆ
µνψˆν − 5i
4
χˆχˆ
}
. (2.62)
Redefining exactly as before but now with Bµν =
1√
2
Bˆµν , Gµν7 =
1√
2
Gˆµν7 gives the 6
dimensional supergravity transformations [29]
δeµ
α = iγαψµ ,
δψµ = Dµ− 1
24
eσGρστγ
ρστγµ− i
2
P iµσi ,
δχ = −1
2
γµ∇µσ− 1
12
eσGµνργ
µνρ ,
δBµν = ie
−σ
(
γ[µψν] +
1
2
γµνχ
)
− 1
g2
Ar
′
[µδAν]r′ ,
δσ = −iχ ,
δAr
′
µ = ie
−σ
2 γµλ
r′ ,
δλr
′
= −1
4
e
σ
2 γµνF r
′
µν−
i
2
√
2
g2e−
σ
2
(
Cir
′ −
√
2Sir
′
)
σi ,
δψ =
i
2
γµ
(P iµσi − i∇µϕ)  ,
δψr =
i
2
γµ
(
P irµ σ
i + iP rµ
)
 ,
δϕ = iψ ,
δLrI = σ
iψrLiI ,
δLiI = σ
iψrLrI ,
δΦI = −LIie−ϕσiψ − iLIre−ϕψr , (2.63)
where now Gµνρ = 3∂[µBνρ] − 32g2ω0µνρ(A) and Bµν transforms as
δΛBµν =
1
g2
∂[µA
r′
ν]Λ
r′ . (2.64)
Again, we can construct a consistent set of boundary conditions and in this we case
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find5,
ψµ− = − 7κ
2
20λ2
e−
σ
2HXµνγ
νηX +
3κ2
40λ2
e−
σ
2HρσXγµρση
X + (fermi)3 ,
χ =
κ2
20λ2
e−
σ
2HXµνγ
µνηX + (fermi)3 ,
e6αφ∂7ˆσˆ = −
κ2
10λ2
e−σHXρσH
ρσX + (fermi)2 ,
Gµν7ˆ =
κ2
16λ2
e−2σµνρσλτHρσXHλτX + (fermi)2 ,
Kµν =
κ2
2λ2
e−σHXµρHν
ρX − 3κ
2
40λ2
e−σHXρσH
ρσXgµν + (fermi)
2 . (2.65)
Then, upon substituting this into the surface terms, obtained as before, a great deal of
cancellation occurs and we are left with
δSSG + δSGHY =
1
λ2
∫
∂M
d6xe
{
− 1
8
e−
σ
2 γρσγµσiηXHXρσP iµ
}
. (2.66)
Finally, including a boundary action6
SB =
1
λ2
∫
∂M
d6x
{
− 1
8
e−σHXµνH
µνX − i
2
ηXγµDµη
X
− i
4
e−
σ
2HXµνη
Xγργµνψρ − i
4
e
−σ
2 HXµνη
Xγµνχ− i
24
eσGµνρη
XγµνρηX
− 1
16
µνρσλτBµνH
X
ρσH
X
λτ +
1
32g2
µνρσλτω0µνρ(C)ω
0
σλτ (A)
}
, (2.68)
gives the classical supersymmetry anomaly
δS = − 1
32λ2g2
∫
∂M
d6xe
{
µνρσλτHXµνH
X
ρσδA
r′
λA
r′
τ − 2µνρσλτω0µνρ(C)F r
′
σλδA
r′
τ
+ µνρσλτF r
′
µνF
r′
ρσδC
X
λ C
X
τ − 2µνρσλτω0µνρ(A)HXσλδCXτ
}
, (2.69)
whilst the classical gauge anomaly is
δΛS = − 1
32λ2g2
∫
∂M
d6xe
{
εµνρσλτHXµνH
X
ρσ∂λA
r′
τ Λ
r′ + εµνρσλτF r
′
µνF
r′
ρσ∂λC
X
τ Λ
X
}
. (2.70)
5Here we have set all the free parameters that can occur equal to values that will be required by the
variational principle, anticipating the final constructed boundary action.
6The bulk contribution (2.66) can also be produced by adding a term of the form
S =
1
λ2
∫
∂M
d6xe
{
ηXγµσiηXPiµ
}
(2.67)
to the boundary action and multiplying the R.H.S. of (2.65) by a corresponding factor. However, if this
were done, the action and boundary conditions would then no longer be consistent with the variational
principle.
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Once again these are Wess-Zumino consistent.
It is interesting to note that these classical anomalies exist, in spite of the fact that
there is no Chern-Simons term to provide anomaly inflow, because the inherited super-
gravity transformation rules have forced a Green-Schwarz type of anomaly production
upon us. This is very different mechanism from the 3-form case considered in Section
2.5.2, but gives rise to anomalies of exactly the same form.
We will now return to considering the 3-form version of the action in what follows but
will bear in mind that similar results will apply for the dualised action as well.
2.6 Coupling Boundary Localised Hypermultiplets
Next, let us consider the coupling of boundary-localised hypermultiplets. We will carry out
this coupling assuming no boundary-localised vector multiplets are present. These could
be reintroduced later in order to gauge the hypermultiplet symmetries. The calculation
will be similar to that carried out for vector multiplets in the previous sections. First we
will find a supersymmetric set of boundary conditions, then we will construct the surface
term produced upon varying the bulk action, and finally we will construct a boundary-
localised action which varies to cancel this surface term.
We begin by considering m hypermultiplets consisting of 4m real scalar fields φα where
α = 1, . . . 4m and 2m symplectic Majorana-Weyl spinors ζa where a = 1, . . . , 2m. It is
known that for supersymmetry the manifold described by the hypermultiplet scalars must
have a holonomy group H contained in Sp(m). We will define the vielbein, for this scalar
manifold, by V
aA
α which is covariantly constant such that
∂αVβaA − ΓαβγVγaA + ωαabVβbA + ωαABVβaB = 0 , (2.71)
Here Γαβ
γ is the Levi-Civita connection for the scalar manifold, ωα
ab is an H ⊆ Sp(m)
valued connection and ωα
AB is an Sp(1)R valued connection on the scalar manifold. These
connections can be expressed in terms of the vielbein as usual. The holonomy condition
means that the Sp(1)R curvature associated with the connection ωαAB vanishes. The
vielbeins must furthermore obey the relations [32]
gαβV
α
aAV
β
bB = abAB , V
α
aAV
βaB + α↔ β = gαβδAB , (2.72)
where ab and AB are Sp(n) and Sp(1)R invariant tensors. We use the conventions
ζaab = ζb , 
abζb = ζ
a , abbc = −δca (2.73)
for raising and lowering indices with ab and similar conventions for AB. It is also useful
to define
P aAµ = ∂µφ
αV aAα . (2.74)
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We then consider the coupling of this boundary hypermultiplet action to our 7 dimen-
sional bulk supergravity system. We begin the construction by dressing the standard
transformations as of the hypermultiplets fields with scalars of the bulk theory such that
δφα = i
√
2e−aϕAζaV αaA ,
δζa =
1√
2
eaϕγµAP
aA
µ . (2.75)
As before, we then consider the boundary conditions that can be imposed on bulk fields
such that these conditions form an orbit under supersymmetry. The bulk fermions on
which we will attempt to impose non-zero boundary conditions transform under the pro-
jected supersymmetry as7
δψ
A
µ− = −
1
2
Kµνγ
νA − i
40
eϕF iρσσ
iAB(3γµγ
ρσ − 5γρσγµ)B ,
δχ
A
+ = −
1
4
e6αφ∂7ˆσˆ
A − i
20
eϕF iµνσ
iABγµνB . (2.76)
This means that the following set of boundary conditions form an orbit under supersym-
metry:
ψ
A
µ−
∣∣
∂M =
9
10
√
2
be(c−a)ϕζaP aAµ −
1
10
√
2
be(c−a)ϕγµνζaP νaA + (fermi)3 ,
χ
A
+
∣∣
∂M =
1
10
√
2
be(c−a)ϕγµζaP aAµ + (fermi)
3 ,
e6αφ∂7ˆσˆ
∣∣
∂M =
1
10
becϕP aAµ P
µ
aA + (fermi)
2 ,
F iµνσ
iAB
∣∣
∂M = ibe
(c−1)ϕP aA[µ P
B
ν]a + (fermi)
2 ,
Kµν
∣∣
∂M =
1
2
becϕP aAµ PνaA −
1
20
becϕP aAρ P
ρ
aA gµν + (fermi)
2 , (2.77)
where a , b and c are constants to be determined, and, as before, all other parity-odd
fields in (2.8) are set to zero at lowest order in fermions. Calculating the surface term
produced upon variation of the bulk action under (2.6) and then imposing these boundary
conditions, we find the total non-invariance of the bulk supergravity action:
δSSG + δS
0
GHY + δS
1
GHY =
b
κ2
∫
∂M
d6xe
{
i
24
√
2
e(c−a)ϕ−σAγµγρστγνγµζaPνaAGρστ
− i
2
ecϕAγµνρψρBPµaAP
aB
ν −
i
2
ecϕAγµνψBPµaAP
aB
ν
− 1√
2
e(c−a)ϕAσiABζaP iµP µaB
}
. (2.78)
7As in (2.36), we have simplified the discussion by including only parity-odd fields which receive
non-zero boundary conditions in these transformations.
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Then, by using the modified Noether procedure, we find the following boundary action
SH =
1
λ˜2
∫
∂M
d6xe
{
− 1
4
e2aϕP aAµ P
µ
aA −
i
2
ζ
a
γµDµζa
− i√
2
eaϕζ
a
γµγνψAµPνaA + i
√
2aeaϕζ
a
γµψAPµaA
}
. (2.79)
where Dµζa = ∇µζa + ∂µφαωαabζb, with ∇µ containing the Lorentz spin connection, and
we have introduced a coupling constant λ˜. Here we have set c = 2a which is required for
invariance. With this condition, the action varies to give
δSH =
1
λ˜2
∫
∂M
d6xe
{
i√
2
eaϕAγνγµ(Dµ −Dµ)
(
ζaPνaA
)
− i
24
√
2
eaϕ−σAγµγρστγνγµζaPνaAGρστ
+
i
2
e2aϕAγµνρψρBPµaAP
aB
ν + iae
2aϕAγµνψBPµaAP
aB
ν
+
1
2
√
2
eaϕAσ
iAB (2aγµγν + γνγµ) ζaP iµPνaB
}
. (2.80)
The Dµ(ζP ) term, with Dµ defined in (2.31) and (2.28), arises from the variation of the
ζψµP term. Furthermore, the Dµ(ζP ) term, with the covariant derivative defined with
respect to the pull-backed connection ∂µφ
αωαAB, comes from the variation of the P
2 term
in (2.79). The PG,PP and PP terms cancel the bulk surface term (2.78), as long as
b = κ
2
λ˜2
and a = 1
2
, while the term proportional to (Dµ −Dµ)(ζP ) vanishes as long as the
boundary Sp(1)R connection is set equal that for the bulk at the boundary location, i.e.
8
QABµ
∣∣
∂M = ∂µφ
αωABα , (2.81)
where Q
AB
µ = i4
ijkQjkµ σ
AB
i and Q
jk
µ is defined in (2.28).
Owing to the order in fermions to which we have been working, this equation is
valid only to purely bosonic order. We also note that the coupling of these boundary
hypermultiplets does not produce any classical non-invariances such as those which arose
for the vector multiplets.
Substituting (2.81) into the field strength for Q
AB
µ and then using the boundary con-
ditions C|∂M = Cir|∂M = 0, we find
P
aA
[µ P
B
ν]a = −
i
4
ijk
(
2P ir[µP
jr
ν] +
1
2
√
2
ijlC lr′F r′µν
)
σkAB
∣∣
∂M . (2.82)
This implies that the Sp(1)R curvature of the boundary hypermultiplets is identified with
the Sp(1)R curvature of the bulk scalars. The fact that this is nonzero is consistent with
8An analogous condition has been found in [26] with all the bulk scalars set to zero.
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the fact that the full manifold parametrised by the 4p+4 scalars from the bulk and the 4m
scalars from the boundary hypermultiplets parametrise a QKM in the limit of coincident
boundaries.
As before, we note that a term of the form ζ
a
γµνρζaGµνρ is not present in the boundary
action, although it is present in the 6D hypermultiplet coupled action as given in [15, 16]
and in [26]. At the purely bosonic order, as required for the coupling process considered
in this section, the boundary condition simply sets Aµνρ equal to zero on the boundary.
However, at higher order in fermions the boundary condition will be of the form Aµνρ|∂M ∼
ζ
a
γµνρζa. This will then give rise to the required term in the coincident-boundaries limit
in an analogous way to that described in Sections 2.5.2 and 2.9.
The scalar kinetic term in the boundary action (2.79) is multiplied by an unusual
factor eϕ, which also results in the unusual Noether coupling term e
ϕ
2 ζ
a
γµψAPµaA. This
can be understood by bearing in mind that the hyperscalar ϕ as well as the newly-coupled
boundary scalars must together form a QKM in the limit of coincident boundaries.
Note that the gauged U(1)R lies in the SO(n, 3) isometry group of the bulk sigma
model. Furthermore, the boundary hyperka¨hler manifold does not necessarily have any
isometries. Consequently, the gauge field Ar
′
µ does not arise in the definition of the co-
variant derivative given in (2.74). However, the local U(1)R symmetry is nonetheless
realised as a result of the boundary condition (2.81). This condition is crucial for the
quaternionic Ka¨hler structure on the overall scalar manifold which is produced in the
coincident-boundaries limit as expected. This overall scalar manifold is a single irreducible
QKM of dimension 4m+ 4p+ 4, with coordinates (φα, φir
′
,ΦI , ϕ), whose holonomy group
is contained in Sp(m + p + 1) × Sp(1). In the absence of the m boundary hypermulti-
plets, and in the coincident-boundaries limit, it is known that this can be described as
the quaternionic Ka¨hler coset SO(p+ 1, 4)/SO(p+ 1)×SO(4) [29]. In the presence of m
boundary hypermultiplets, however, the structure of the overall scalar manifold arising in
the coincident-boundaries limit depends on the specific properties of the boundary scalars.
It would be interesting to determine, for example, the conditions on the boundary hyper-
multiplets under which the overall scalar manifold becomes a symmetric or homogeneous
QKM.
2.7 Extensions of the Model and Further Classical
Anomalies
In order to cancel the complete set of anomalies, it is necessary to consider various mod-
ifications to the model described so far. One such modification is the addition of a bulk
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topological mass term for the 3-form potential [33, 29]. Another is the inclusion of further
bulk Chern-Simons terms together with further modifications to the boundary conditions,
while a third is the coupling of boundary-localised tensor multiplets. We will consider all
three of these extensions in the following section.
2.7.1 The Topological Mass Term
A topological mass term can be added to the bulk action described in Section 2.2, thereby
arriving at a one-parameter extension. However, a mass term of the form hA3∧F4 with a
constant mass parameter h violates the Z2 symmetry of the theory and so a reduction on
S1/Z2 is not possible. In order to respect this Z2 symmetry, we need to allow the mass
parameter h to undergo a jump at the boundary location when viewed from an upstairs
perspective. To accomplish this, we dualise h to a 6-form potential A6 such that the
field equation for h, now treated as a scalar field, equates h to the dual of the A6 field
strength, while the field equation for A6 implies that h is at least piecewise constant. In
this formulation, we can now assign odd parity to h so as to render the term hA3 ∧ F4
parity-even. The resulting new terms in the bulk action are
Sh =
1
κ2
∫
M
d7xeˆ
{
− ih2e4σˆ + hεˆMNRSTUV GˆMNRSTUV
}
(2.83)
where
GˆMNRSTUV = 7∂[M AˆNRSTUV ] +
1
36
Fˆ[MNRSAˆTUV ] − 4
√
2
7!3
εˆMNRSTUV e
3
2
σˆC
− i
5!
e2σˆψˆ[M γˆNRSTU ψˆV ] +
8i
6!
e2σˆψˆ[M γˆNRSTUV ]χˆ
+
27i
7!
e2σˆχˆγˆMNRSTUV χˆ− i
7!
e2σˆλˆ
rˆ
γˆMNRSTUV λˆ (2.84)
and the new terms in the supersymmetry transformation rules are
δψˆM = −4
5
he2σˆγˆM ˆ ,
δχˆ = −16
5
he2σˆ ˆ ,
δAˆMNRSTU = − 1
63
δAˆ[MNRAˆSTU ] +
24i
7!
e2σˆ ˆγˆ[MNRST ψˆU ] − 16i
7!
e2σˆ ˆγˆMNRSTU χˆ ,
δh = 0 . (2.85)
The 6-form potential Aˆµνρσλτ is parity even and Aˆµνρσλ7 is parity odd. The action is now
invariant under a modified tensor gauge transformation under which A6 must transform
as
δAˆMNRSTU = − 1
21
Aˆ[MNR∂SλˆTU ] . (2.86)
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In the presence of the empty boundaries, the supersymmetry of the bulk-plus-boundary
action is unaffected by this construction and the variational principle remains consistent,
provided that we impose the boundary condition
h
∣∣
∂M = 0 , Aµ1...µ57
∣∣
∂M = 0 . (2.87)
However, we may also consider the boundary value of h to be a constant
h
∣∣
∂M = h0 . (2.88)
This will lead to the introduction of a new boundary term and modified boundary con-
ditions that will produce further classical anomalies in the boundary Yang-Mills gauge
symmetry.
We now seek an orbit of boundary conditions which contains (2.88). As we are in-
terested in the effects of the topological mass term on classical anomalies, we consider
boundary conditions involving boundary vector multiplets as well as the constant h0.
However, because the hypermultiplets do not effect the classical non-invariances, we will
not further consider their simultaneous coupling here. Carrying out this process, we find
an orbit of boundary conditions given by (2.50) with the following modifications (up to
quartic fermion terms):
e6αφ∂7ˆσˆ
∣∣
∂M = −
κ2
10λ2
e−σHXµνH
µν
X − 2(4 + γ)eσ+2ϕh0 ,
Kµν
∣∣
∂M =
κ2
2λ2
e−σHXµρHν
ρ
X − 3κ
2
40λ2
e−σHXρσH
ρσ
X gµν + γe
σ+2ϕh0gµν ,
C
∣∣
∂M = −
30√
2
(
4
5
+ γ
)
h0
g
eϕ+2σ , (2.89)
where γ is a parameter shortly to be determined. To find the total supersymmetric action
up to a supersymmetry anomaly, we need to give the total boundary action
Stot.B =
∫
∂M
d6xe
{
− 1
8λ2
e−σHXµνH
µν
X −
i
2λ2
ηXγµDµηX
− i
4λ2
e−
σ
2HXρσηXγ
µγρσψµ − i
4λ2
e−
σ
2HXµνηXγ
µνχ
+
1
32λ2g2
εµνρσλτω0µνρ(C)ω
0
σλτ (A)
+
4h0
κ2
eσ+2ϕ +
7h0
κ2
εµνρσλτAµνρσλτ
+
ih0κ
2
8λ4
eσω0µνρ(C)η
XγµνρηX
}
. (2.90)
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Requiring supersymmetry up to a Wess-Zumino consistent anomaly determines the value
of γ:
γ = −4
5
. (2.91)
It is interesting that this implies the boundary condition C
∣∣
∂M = 0. One can further
check that the above boundary conditions are consistent with the variational principle.
The variation of the action (2.90) under tensor gauge transformations subject to the
boundary conditions (2.50) gives the additional gauge anomaly contribution
δΛS
tot
B = −
h0κ
2
8λ4
∫
∂M
d6x eεµνρσλτHXµνHρσX∂λC
Y
τ ΛY . (2.92)
Correspondingly, there is an additional contribution to the supersymmetry anomaly
given by
− h0κ
2
8λ4
∫
∂M
d6x eεµνρσλτ
{
HXµνHρσXδC
Y
λ CτY − 2ω0µνρ(C)HXσλδCτX
}
. (2.93)
As before, one may check that the inclusion of these anomalies continues to give a Wess-
Zumino consistent system.
2.7.2 Additional Bulk Chern-Simons Terms, Boundary Condi-
tions and Classical Anomalies
Before evaluating the gauge/Lorentz anomalies that result from the variation of the bulk
plus boundary action subject to the chosen boundary conditions, we need to discuss possi-
ble additional extensions of the bulk model. Terms of types that may produce anomalous
variations are of the forms A3 ∧ trR ∧ R, ω7L, ω7(A), ω3(A) ∧ trR ∧ R where ω7L and
ω7(A) are the Lorentz and Yang-Mills Chern-Simons forms, respectively.
9 The ω7L and
A(3) tr ∧ R ∧ R terms are known to arise in the K3 compactification of 11 dimensional
supergravity supplemented with the Duff-Minasian term A(3) trR∧R∧R∧R. These have
been used in a Horˇava-Witten formulation of ungauged pure 7 dimensional supergravity
[26]. However, in the non-compact 7 dimensional model we are considering here, derivation
from higher dimensions involves a noncompact internal space of infinite volume. Indeed,
as we saw in the Introduction, a 3-manifold of this kind, known as H(2, 2), is involved in
the reduction from 10 dimensional N = 1, supergravity to the SO(2, 2) gauged supergrav-
ity in 7 dimensions [24], yielding a consistent Kaluza-Klein truncation. The same model
9While a term of the type ω7(A) does arise in the SO(5) gauged maximal 7 dimensional supergravity,
it does not appear in any gauged half-maximal 7 dimensional supergravity. The half-maximal truncation
of the maximal theory studied in [24] might seem to indicate the presence of ω7(A) but, in fact, such a
term is not allowed by supersymmetry in this system.
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can also be obtained from 11 dimensional supergravity by reducing on H(2, 2)×S1, again
yielding a consistent Kaluza-Klein truncation. However, in the presence of the term 11
dimensional term A(3) trR∧R∧R∧R a consistent Kaluza-Klein ansatz is not at present
known. A preliminary investigation of the infinite volume problem10 suggests that the
appropriate Weyl rescaling of fields needed to obtain finite kinetic terms in 7 dimensions
leads to vanishing coefficients in front of the ω7(A) and ω3(A)trR ∧ R terms. With this
in mind, we shall not consider further the inclusion of higher-derivative terms in the bulk
Lagrangian as given in Section 2.2 supplemented by the topological mass term added in
Section 2.7.1. However, we shall consider modifications of the boundary condition on A(3)
occasioned by the inclusion of Chern-Simons terms for the bulk gauge fields and Lorentz
connection such that
Aextra(3)
∣∣
∂M = cAω3(A) + cLω3L + (fermi)
2 , (2.94)
where cA and cL are arbitrary constant coefficients. Extending the full set of supersym-
metric boundary conditions (2.50) to incorporate this modification will, in particular,
alter the boundary condition on the extrinsic curvature Kµν which will now include term
of the form
Kµν
∣∣
∂M ∼ e−σFµρr
′
F r
′
νρ + e
−σRµραβRνραβ + · · · . (2.95)
Since Kµν picks up contributions for the boundary stress tensor, it follows that modifi-
cations proportional to this, in turn, imply that the full boundary action must contain
terms given by
Sext.B ∼
∫
∂M
d6xe
{
e−σF r
′
µνF
µνr′ + e−σRµν αβRµν αβ + · · ·
}
. (2.96)
An R2 term of this type has been encountered in the Horˇava-Witten formulation of D = 11
supergravity compactified on S1/Z2 [34]. We note that the dilaton factors in (2.96) are
equivalent to the dilaton factor multiplying the kinetic term in (2.48). In standard 6
dimensional calculations, higher-derivative invariants with either eσ or e−σ factors multi-
plying the R2 term are possible [35, 36]. Supersymmetrizing the eσ variant would imply
the presence of a term of the form B2∧R2∧R2, whilst supersymmetrizing the e−σ variant
implies that the 3-form field strength appearing in the action is Chern-Simons modified
such that G3 = dB2 + ω3L. Since the boundary condition (2.94) implies that the field
strength becomes Chern-Simons modified in the coincident-boundaries limit as shown in
Section 2.9, we deduce that the necessary factor here must be e−σ multiplying the R2
term present in this boundary action. A similar argument also applies to vector cou-
plings, which is consistent with the fact that Noether coupling forced us to determine the
coefficient a = −1 in Section 2.5.2.
10We would like to acknowledge detailed discussions with Chris Pope on this point.
57
To summarise, the total action we have constructed so far is the sum of (2.4), (2.83),
(2.90) and (2.96). In this action, the following terms contribute to the bosonic anomaly:
− 1
2
√
2κ2g2
∫
M
d7xAˆ(3) ∧ Fˆ rˆ ∧ Fˆ rˆ + 7!
∫
∂M
d6xh0A(6) . (2.97)
Using the modified boundary conditions (2.94), the variations of these terms give the new
total bosonic anomaly
Ω16 =
∫
∂M
{
2h0
κ2
((2cA
3
− 1
8g2h0
)
ω12(A) +
2cL
3
ω12L +
κ2
2λ2
ω12(C)
)
∧((2cA
3
− 1
8g2h0
)
trF ∧ F + 2cL
3
R ∧R + κ
2
2λ2
trH2 ∧H2
)
− 1
32κ2g4h0
ω12(A) ∧ trF ∧ F
}
, (2.98)
where11 ω12 is defined by δω
0
3 =
1
3
dω12. If we consider the gauge group for the boundary
vector multiplets K ′ to be the tensor product of simple groups K1 ⊗ . . . ⊗ Kng , we can
define the 4-forms Ga, where a = 0, . . . , ng + 1, as
G0 = trF ∧F, G1 = trR∧R, G2 = trH(1)2 ∧H(1)2 , . . . , Gng+1 = trH(n)2 ∧H(n)2 , (2.99)
where dω03(A) =
1
3
trF ∧ F = 1
3
F r
′ ∧ F r′ and dω03(C) = 13trH2 ∧H2 = 13HX2 ∧HX2 . Then
the anomaly (8.16) is related to the following 8-form polynomial
Ωclas8 =
8h0
κ2
[
(
1
3
cAG
0 +
1
3
cLG
1 +
ng+1∑
a=2
κ2
4(λa)2
Ga
]
∧ (2.100)
[(
1
3
cA − 1
8h0g2
)
G0 +
1
3
cLG
1 +
ng+1∑
a=2
κ2
4(λa)2
Ga
]
,
by the descent equations ωclas8 = dΩ
0
7 and δΩ
0
7 = dΩ
1
6.
2.7.3 Boundary Tensor Multiplets and Further Classical Anoma-
lies
The classical non-invariance produced so far obeys the Wess-Zumino consistency condi-
tions and produces terms of the correct forms to cancel the quantum anomalies. How-
ever the classical anomaly produced is still not sufficiently general to completely cancel
the anomalies produced by quantum effects and so to yield an overall invariant system.
11Note that we are using the Chern-Simons 3-form normalisation given in Equation (2.5), as in [29],
for both gauge and Lorentz symmetries. This gives rise to the factors of 13 in the descent relations.
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We therefore consider a further extension of the model by adding nT boundary-localised
tensor multiplets to the action. These multiplets have the form (Bxµν , χ
Ax
− , φ
x), where
x = 2, . . . , nT + 1, which play a crucial role in the implementation of a generalized Green-
Schwarz anomaly cancellation mechanism introduced in [37].
Tensor multiplets of this form are known to exist in rigid 6 dimensional supersymmetry
and accordingly a coupling process similar to that shown in Sections 2.5.1 and 2.5.2 will
be possible. However this process is complicated by the fact that the 3-form field strength
Hx3 = dB
x
2 is required, by closure of the supersymmetry algebra, to be self-dual: H3 = ?H3.
This has the consequence that the naive kinetic term that one would write for Bx2 vanishes.
This problem may be addressed by use of a non-manifestly Lorentz invariant action [38], or
by reformulating the problem at the equation-of-motion level. We shall not attempt here
a full analysis of these couplings. Although a full coupling would be necessary for detailed
analysis of the classical supersymmetry anomalies, it is not necessary for analysis of the
purely bosonic anomalies. This is due to the fact that bosonic anomaly contributions
arising from boundary tensors can only be generated by the variation of one type of term
in the boundary action. This crucial anomaly-generating term type is analogous to the
bulk Chern-Simons term 1
g2
A3∧F rˆ2 ∧F rˆ2 , and is of the same form as the standard anomaly
counterterm that is seen in purely 6 dimensional theories [31]. In our boundary action, it
appears as ∫
∂M
vxaB
x
2 ∧Ga4 , (2.101)
where vxa is a numerical coupling matrix analogous to the
1
g2
which appears in the in the
bulk action, and where summation over the index x = 2, . . . , nT + 1 is understood. If B
x
is required to transform under the bosonic symmetries of the theory according to
δBx = v′xa ω
1a
2 , (2.102)
then the variation of (2.101) will produce a non-invariance of the form∫
∂M
vxav
′x
b ω
1a
2 G
b . (2.103)
Adding this to the classical anomaly generated so far, we can write the total anomaly as
Ω1tot6 =
∫
∂M
vIav
′J
b ηIJω
1a
2 ∧Gb , (2.104)
where the index x has been extended to a new index I = 0, . . . , nT + 1. In general, the
index a = 0, . . . , ng + 1. However, if ng < nT , then the matrix v
I
av
′J
b ηIJ has non-maximal
rank, which turns out to put a severe restriction on the quantum anomaly polynomial
[37, 26]. This restriction is lifted for nT ≥ ng. For simplicity, we shall assume that nT = ng
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from here on. Then, we find that the vector vIa is given by
v0a = v
′0
a =
(2cA√−2h0
3κ
− 1
4g2
√−2h0
,
2cL
√−2h0
3κ
,
κ
√−2h0
2(λ2ˆ)2
, . . . ,
κ
√−2h0
2(λng+1)2
)
,
v1a = v
′1
a =
( 1
4κg2
√−2h0
, 0, 0, . . . , 0
)
, vIa = v
x
a , v
′I
a = v
′x
a , for I = 2, . . . , nT + 1 ,
(2.105)
ηIJ = diag(−,+, . . . ,+) and we have assumed h0 < 0 which makes the components of
these vectors real. This represents the full classical anomaly which will be cancelled
against the quantum anomalies to be described in the next section.
2.8 Quantum Anomalies and Anomaly Cancellation
We shall now construct an example of an anomaly-free model in the D = 7/D = 6
Horˇava-Witten setting that we have been considering in this chapter. As we wish to
end up with an R-symmetry gauged model, we need to start with a matter-coupled
noncompact gauged 7 dimensional theory. The possible non-compact gauge groups and
the surviving even-parity bulk fields have been listed in [29]. Here, we shall consider the
SO(2, 1) gauged 7 dimensional model which consists of minimal supergravity coupled to
one vector multiplet. The bulk scalars parametrize the coset SO(1, 3)/SO(3) and the
SO(1, 2) subgroup of SO(1, 3) is gauged. The structure constants are given by [29]
fˆIˆJˆKˆ = ijk , i = 1, 2, 4 , (2.106)
where ijk are the SO(1, 2) structure constants. In (2.9), we now have p = 0, n = 1, and
the resulting even-parity fields form the multiplets
(eµ
α, ψµ+, B
−
µν) , (B
+
µν , χ−, σ) , (ψ−, ϕ,ΦI) , (A
4
µ, λ
4
+) , (2.107)
with supersymmetry transformations as given in (2.32). The vector field A4µ gauges the
R-symmetry group U(1)R. We have denoted the 6 dimensional chiralities of the fermions
explicitly for convenience, and we have split the 2-form potential into parts that have
self-dual and anti-self-dual field strengths.
The chiral fermions (ψµ+, χ−, λ4+, ψ−) give rise to gravitational, U(1)R and mixed
gravitational-U(1)R anomalies on the boundaries. The anomalies are encoded in an 8-
form polynomial made up of the Riemann and Yang-Mills curvature forms, via the descent
equations. The standard anomaly formulae give
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Ω(ψµ+) =
5
24
F 41 −
19
96
F 21 trR
2 +
1
5760
[
245 tr R4 − 5× 43
4
(tr R2)2
]
,
Ω(χ−) = − 1
24
F 41 −
1
96
F 21 trR
2 − 1
5760
[
tr R4 +
5
4
(trR2)2
]
,
Ω(λ4+) =
1
24
F 41 +
1
96
F 21 trR
2 +
1
5760
[
tr R4 +
5
4
(trR2)2
]
,
Ω(ψ−) = − 1
5760
[
tr R4 +
5
4
(trR2)2
]
,
Ω(Bµν+) =
1
5760
[−28 tr R4 + 10 (tr R2)2] , (2.108)
where F1 is the U(1)R field strength, and we have suppressed the wedge symbol, so that,
for example F 21 trR
2 = F1 ∧ F1 ∧ trR ∧R.
The total anomaly coming from the bulk fields on each boundary is half of the total
bulk anomaly. Thus on a given boundary we have
Ωbulkgrav/U(1)R |∂M1 =
5
48
F 41 −
19
192
F 21 trR
2 +
1
5760
[
122 tr R4 − 55
2
(tr R2)2
]
. (2.109)
Next, we need to compute the quantum anomalies that result from the introduction of
nV gauge, nH hyper and nT tensor multiplets on a given boundary. It is useful first to
compute the total gravitational anomaly. Summing up the bulk contributions given in
(2.109) and those of the boundary multiplets, the total gravitational anomaly on ∂M1 is
given by
Ωtot.grav.|∂M1 = 15760
[
(nV − nH − 29nT + 122)trR4
+5
4
(nV − nH + 7nT − 22) (trR2)2
]
. (2.110)
The trR4 term must necessarily vanish for anomaly freedom. As we have assumed that
there is no bulk Lorentz Chern-Simons term, the vanishing of the trR4 anomaly imposes
the constraint 12
nH − nV + 29nT = 122 . (2.111)
12 In the standard N = 1, 6 dimensional anomaly cancellation, the equivalent relation is given by
nH − nV + 29nT = 273. The difference here is due to two factors. Firstly, our nT counts the number of
boundary-localised tensor multiplets whilst the nT in the standard equation counts the total number of
tensor multiplets. As one tensor multiplet comes from the reduction of the bulk supergravity multiplet,
our nT differs from the standard setup by 1. Secondly, the quantum anomaly in our case is split across
two boundaries and so differs from the standard result by a factor of 2. Therefore in our case we have a
different gravitational-anomaly cancellation condition from the standard condition: nH − nV + 29nT =
(273− 29)/2 = 122.
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Using this condition in (2.110), and including the contributions to the U(1)R and mixed
gravitational-U(1)R anomalies (i.e. the F
4
1 and F
2
1 trR
2 terms in (2.109), together with
similar contributions from all the boundary matter multiplets that have been introduced),
we find
Ωtot.grav/U(1)R |∂M1 = 1128(nT − 4)(trR2)2 + 148 [2(nV − nT ) + 5]F 41
+ 1
192
[2(nV − nT )− 19]F 21 trR2 . (2.112)
At this point, we need to specify nV , nH and nT such that the condition (2.111) is satisfied,
where the boundary Yang-Mills gauge group has total dimension nV , and such that the
nH hyperfermions form a set of representations of this group. A complete analysis of
all the possibilities is beyond the scope of the present work. Instead, we shall give one
example to illustrate how anomaly freedom can be achieved in the bulk-plus-boundary
system that we have constructed. We shall take the gauge group on a given boundary to
be
K ′ = E6 × E7 , (2.113)
so that nV = 78+133. Furthermore, we shall introduce two tensor multiplets, and five hy-
permultiplets in fundamental representations of E6 and five fundamental representations
of E7. Thus, all in all, we have
nT = 2 ,
nV = 78 + 133 ,
nH = 5× (27, 1) + 5× (1, 56) . (2.114)
Using this data and employing the relations
TrH26 = 4trH
2
6 , TrH
4
6 =
1
2
(trH26 )
2 , trH46 =
1
12
(trH26 )
2 ,
TrH27 = 3trH
2
7 , TrH
4
7 =
1
6
(trH27 )
2 , trH47 =
1
24
(trH27 )
2 , (2.115)
where Tr(tr) denote the trace in the adjoint (fundamental) representation, we find that
the total one-loop anomaly polynomial is encoded by
Ω1−loop8 = −
1
64
(
trR2
)2
+
141
16
F 41 +
133
64
F 21 trR
2
+F 21
(
trH26 +
3
4
trH27
)
− 1
96
trR2
(
trH26 + 2trH
2
7
)
+
1
576
[
2
(
trH26
)2 − (trH27)2] . (2.116)
Now we shall require that this quantum anomaly polynomial cancels the classic anomaly
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polynomial (2.101) with nT = ng = 2. We begin by making the following redefinitions
λ˜1ˆ = λ1ˆ
(
1
−h0κ2
) 1
4
λ˜2ˆ = λ2ˆ
(
1
−h0κ2
) 1
4
g˜ = g
(−h0κ2) 14
c˜A = cA
(−h0
κ2
) 1
2
c˜L = cL
(−h0
κ2
) 1
2
, (2.117)
where all the new parameters are dimensionless. This allows us to rewrite the anomaly
polynomial (2.101) as
Ωclas8 = −8
(
1
3
c˜AG
0 +
1
3
c˜LG
1 +
1
4(λ˜1)2
G2 +
1
4(λ˜2)2
G3
)
∧((
1
3
c˜A +
1
8g˜2
)
G0 +
1
3
c˜LG
1 +
1
4(λ˜1)2
G2 +
1
4(λ˜2)2
G3
)
+v2av
′2
b G
a ∧Gb + v3av′3b Ga ∧Gb . (2.118)
In order for the system to be anomaly free, (2.118) must cancel the quantum anomaly
polynomial
Ω1−loop8 =
141
16
(G0)2 − 1
64
(G1)2 +
133
64
G0G1
+G0
(
G2 +
3
4
G3
)
− 1
96
G1
(
G2 + 2G3
)
+
1
576
(
2(G2)2 − (G3)2) . (2.119)
This requirement places 10 constraints on the 21 parameters in (2.118) which leaves an
11 dimensional space of solutions. In order to demonstrate that a solution exists in which
all parameters are real, we give an example solution13,
c˜A = 0.0000 g˜ = 0.1443 c˜L = 0.0000 λ˜
1 = 3.4641 λ˜2 = 4.0000
v20 = 0.0000, v
2
1 = −3.6424 v22 = 1.4106 v23 = −1.0000
v′20 = 0.0000 v
′2
1 = −0.0074 v′22 = 0.0000 v′23 = −0.0037
v30 = −1.0000 v31 = −0.2303 v32 = 0.0000 v33 = 0.0000
v′30 = 8.8125 v
′3
1 = 0.0490 v
′3
2 = 0.0000 v
′3
3 = 0.0000 , (2.120)
where we have dropped the underlines in vIa for notational simplicity. This demonstrates
that anomaly-free bulk-plus-boundary models can indeed be constructed as we have de-
scribed.
13 Finding solutions to a large number of simultaneous equations such as these is greatly simplified by
finding the Groebner basis for the equations. This is most easily done using the program Singular or the
Mathematica package STRINGVACUA.
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2.9 The Coincident Boundaries Limit
We now consider taking the coincident-boundaries limit when the boundaries are popu-
lated with vector multiplets as described in Section 2.5.2. This gives a six-dimensional
gauged supergravity theory similar to that described in [29].
The orbit of boundary conditions in this 7 dimensional system involves both Neumann
and Dirichlet types, which have different effects on the reduced system. Let us first
consider the Neumann boundary conditions with the example of the form field Aµνρ. This
is subject to two boundary conditions: one on the x7 = 0 boundary and the other on the
x7 = L boundary (where L is the interval length ). We can follow the work of [10, 48, 49]
and use the fact that, in the limit of small interval length, it is sufficient to approximate the
value of Aµνρ in the bulk by a linear interpolation between the two boundary conditions:
Aµνρ = Aµνρ
∣∣∣∣
x7=0
(
1− x
7
L
)
+ Aµνρ
∣∣∣∣
x7=L
x7
L
. (2.121)
We consider the simplified case in which the boundary at x7 = 0 is populated by vector
multiplets in the way we have described and the boundary at x7 = L is empty. This
means that the bulk field Aµνρ becomes
Aµνρ =
(
3κ2
4λ2
ω0µνρ(C) +
iκ2
8λ2
eσηXγµνρη
X
)(
1− x
7
L
)
. (2.122)
This causes the six-dimensional 3-form field strength to become Chern-Simons modified:
Fˆµνρ7 = 3∂[µAˆνρ]7 − ∂7Aˆµνρ
=
√
2
(
3∂[µBνρ] +
3
2g′2
ω0µνρ(C) +
i
4g′2
ηXγµνρηX
)
, (2.123)
where we have defined g′2 = 2Lλ2
κ2
in order to match the conventional result. If we now
redefine Gµνρ as the appropriately normalised bosonic part in the above equation i.e.
Gµνρ = 3∂[µBνρ] +
3
2g′2ω
0
µνρ(C) , (2.124)
then we find that Gµνρ is invariant under the Yang-Mills gauge symmetry since Bµν
develops a gauge transformation due to the boundary condition (2.43):
δΛBµν = − 1
g′2∂[µC
X
ν] ΛX . (2.125)
On the other hand, the field σˆ receives a Dirichlet boundary condition. In the small
interval limit, we can again interpolate between its two boundary values such that
∂7σˆ = ∂7σˆ
∣∣∣∣
x7=0
(
1− x
7
L
)
+ ∂7σˆ
∣∣∣∣
x7=L
x7
L
. (2.126)
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If we integrate this equation and impose the requirement that the average value of σˆ is
the same as in the empty boundaries case, then we obtain
σˆ = −∂7σˆ
∣∣∣∣
x7=0
(
(x7)2
2L
− x7 + L
3
)
+ ∂7σˆ
∣∣∣∣
x7=L
(
(x7)2
2L
− L
6
)
+
4
5
σ +
2
5
ϕ . (2.127)
Performing similar steps for all fields that receive non-trivial boundary conditions and
then incorporating these into the 7 dimensional bulk action together with the Gibbons-
Hawking-York terms and the boundary action, and ignoring any higher-order terms in 1
λ2
or L, we obtain the 6 dimensional action
SSG(6) =
2L
κ2
∫
dx6e
{
1
4
R− 1
8g2
eσF r
′
µνF
µνr′ − 1
8g′2 e
−σHXµνH
µν
X −
1
12
e−2σGµνρGµνρ − 1
4
∂µσ∂
µσ
− 1
4
∂µϕ∂
µϕ− 1
4
P irµ P
µir − 1
4
PrµPµr −
1
4
P iµPµi −
1
8
g2e−σ
(
Cir
′
Cir
′
+ 2Sir
′
Sir
′
)
+
1
16g2
εµνρσλτBµνF
r′
ρσF
r′
λτ +
1
32g2g′2 ε
µνρσλτω0µνρ(C)ω
0
σλτ (A)
− i
2
ψµγ
µνρDνψρ − i
2
χγµDµχ− i
2g2
λ
r′
γµDµλr′
− i
2
ψγµDµψ − i
2
ψ
r
γµDµψ
r − i
2g′2η
XγµDµηX
− 1
2
ψ
r
σiγµγνψµP
ir
ν −
1
2
ψσiγµγνψµP iν −
i
2
ψ
r
γµγνψµPrν
− i
2
χγµγνψµ∂νσ − i
2
ψγµγνψµ∂νϕ− i
24
e−σGµνρ
(
ψ[λγ
λγµνργτψτ ]
− 2ψλγµνργλχ− χγµνρχ+ ψγµνρψ + ψrγµνρψr −
1
g2
λ
r′
γµνρλr
′ − 1
g′2η
XγµνρηX
)
− 1
4
P iµ
(
ψ[ρσ
iγργµγτψτ ] + χσ
iγµχ+
1
g2
λ
r′
σiγµλr
′
+
1
g′2η
XσiγµηX − ψrσiγµψr − ψσiγµψ
)
− i
4g2
e
σ
2F r
′
µν
(
ψργ
µνγρλr
′
+ χγµνλr
′
)
− i
4g′2 e
−σ
2HXµν
(
ψργ
µνγρηX − χγµνηX
)
− iPrµψγµψr − e
σ
2Cirr
′
λ
r′
σiψr + ie
σ
2Srr
′
λ
r′
ψr − eσ2Sir′λr′σiψ
+
1
2
√
2
e−
σ
2 λr
′
σiγµψµ
(
Cir
′ −
√
2Sir
′
)
+
1
2
√
2
e−
σ
2 λr
′
σiχ
(
Cir
′ −
√
2Sir
′
)}
.
(2.128)
Carrying out the reduction of the supersymmetry transformations and averaging over x7
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gives
δeµ
α = iγαψµ ,
δψµ = Dµ+
1
24
e−σGρστγρστγµ− i
2
P iµσi ,
δχ = −1
2
γµ∂µσ− 1
12
e−σGµνργµνρ ,
δBµν = −ieσγ[µψν] + i
2
eσγµνχ +
1
g′2 δC
X
[µCν]X ,
δσ = −iχ ,
δAr
′
µ = ie
−σ
2 γµλ
r′ ,
δλr
′
= −1
4
e
σ
2 γµνF r
′
µν−
i
2
√
2
g2e−
σ
2
(
Cir
′ −
√
2Sir
′
)
σi ,
δψ =
i
2
γµ
(P iµσi − i∂µϕ)  ,
δψr =
i
2
γµ
(
P irµ σ
i + iPrµ
)
 ,
δϕ = iψ ,
δLrI = σ
iψrLiI ,
δLiI = σ
iψrLrI ,
δΦI = −LIie−ϕσiψ − iLIre−ϕψr ,
δCXµ = ie
σ
2 γµη
X ,
δηX = −1
4
e−
σ
2 γµνHXµν . (2.129)
Under these supersymmetry transformations, the action varies into the supersymmetry
anomaly
δS =
2L
32κ2g2g′2
∫
∂M
d6xe
{
µνρσλτHXµνH
X
ρσδA
r′
λA
r′
τ − 2µνρσλτω0µνρ(C)F r
′
σλδA
r′
τ
+ µνρσλτF r
′
µνF
r′
ρσδC
X
λ C
X
τ − 2µνρσλτω0µνρ(A)HXσλδCXτ
}
, (2.130)
which is Wess-Zumino consistent with its gauge variation,
δΛS =
2L
32κ2
1
g2g′2
∫
∂M
d6xe
{
εµνρσλτHXµνH
X
ρσ∂λA
r′
τ Λ
r′ + εµνρσλτF r
′
µνF
r′
ρσ∂λC
X
τ Λ
X
}
. (2.131)
We note that the action and variations obtained here are consistent with the general
matter coupled 6 dimensional supergravity described in [16, 31] for the case of a single
tensor multiplet.
We note also that if one were to consider the boundary matter coupling starting from
the boundary condition Aµνρ ∼ cAω0µνρ(A) as described in Section 2.7.2, then the reduced
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action would appear to contain kinetic terms of the form
S ∼
∫
d6xe
(
− 1
g2
eσ − cAe−σ
)
F r′µνF
µνr′ (2.132)
which is known to exhibit interesting phase transition behaviour [50, 51]. The dilaton
dependence arises from supersymmetry considerations as described in Section 2.5.2.
2.10 Conclusion
We may view the construction in this chapter as a worked example of an anomaly-free
model with gauged R-symmetry and a positive cosmological potential. A variety of ap-
proaches have been followed in the search for realistic reductions of string/M-theory to
candidate effective D = 4 theories. The standard compactifications and brane construc-
tions limit to effective supergravity theories which populate only a sub-class of the avail-
able models that one might want to explore, however. In particular, the class of non-
compact gaugings of supergravity has been rather under-exploited to date. Such models
depart from models with compact gauged R-symmetries, such as the original D = 4
gauged N = 8 supergravity [39]. The discovery of models with gauged R-symmetries
then led on to searches for models with gauged non-compact symmetry groups [40, 41].
These were in turn obtained by reduction from higher dimensions on non-compact mani-
folds [42].
The physical interest of models with non-compact gaugings is illustrated by cosmolog-
ical approaches such as the SLED program of supersymmetry in large extra dimensions
[23], which takes as a starting-point example the 6 dimensional Salam-Sezgin model [25].
But non-compact gaugings have not yet figured prominently in the search for realistic
string or M-theory particle physics vacua. One reason for this has been the lack of a
perceived link to the “ur-theories” in D = 10 and D = 11. A path towards such links
has now been opened up, however, by the reduction in [24], involving precisely the sort
of non-compact manifold reduction envisaged in [42]. So, it seems that a relevant chapter
in the encyclopedia of string/M-theory reductions has only just been opened.
In the present chapter, we have focused primarily on a process for generating a chiral,
anomaly-free model with a gauged R-symmetry. In order to provide a richer and more
fully worked-out scheme for 6 dimensional models such as those needed for the SLED
program, we began with a gauged R-symmetry model in 7 dimensions. To generate a
chiral theory in 6 dimensions, we used a Horˇava-Witten construction based on a slice of
7 dimensional bulk spacetime bounded by two 6 dimensional spaces which can then be
populated with 6 dimensional supermatter as needed to construct an anomaly-free model.
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Horˇava-Witten type constructions, generalising the original D = 11/D = 10 con-
struction of the Heterotic string from M-theory [8, 9], can also be seen as domain-wall
brane-solution constructions such as the D = 5/D = 4 “Heterotic M-theory” construction
[43, 44]. These naturally produce chiral theories in the lower even dimension. But this
then raises the issue of potential quantum anomalies in the reduced theory. The mecha-
nism of anomaly cancellation involves anomaly inflow from the bulk higher-dimensional
space together with a careful choice of “matter” fields to populate the boundary brane
spaces. In the D = 11/D = 10 construction, this uniquely yields the original E8 gauge
multiplet on each bounding brane [8, 9, 10, 45, 34]. As one goes down in dimension-
ality, the anomaly-cancellation requirements become less stringent, so that in a direct
D = 5/D = 4 analysis [46], the only anomalies requiring cancellation are gauge and
mixed gravitational-gauge anomalies, with a wide resulting set of anomaly-free construc-
tions. The present D = 7/D = 6 construction presents an intermediate scenario, with
a detailed set of cancellation requirements as presented in Section 2.8. These do not
uniquely specify the boundary gauge groups and fields, but they do impose a stringent
set of anomaly-cancellation conditions on them. In our analysis here, we have not at-
tempted a comprehensive study of the solutions to these conditions, but it may be hoped
that such a study might reveal classes of phenomenologically interesting scenarios.
The main challenges to be met in carrying out the D = 7/D = 6 construction revolved
around the details of coupling 8-supercharge boundary matter to the 16-supercharge bulk
theory. One needs to take care to provide necessary Gibbons-Hawking-York terms so
as to ensure consistency between the bulk-plus-boundary variational equations and the
chosen boundary conditions for the bulk fields. The halving of the supersymmetry at a
boundary is a natural consequence of any Horˇava-Witten type orbifold construction. But
one needs to take great care here in handling the supersymmetric couplings, since in the
absence of a fully off-shell formalism, the classical boundary non-gauge-invariances of the
bulk theory, as needed for anomaly inflow, engender also supersymmetry anomalies.
The occurrence of supersymmetry anomalies in Horˇava-Witten type constructions is
already familiar from the work of [10, 45], but what is different about the constructions
made in the present chapter is the order at which these occur. In [10, 45], an iterative
construction to suppress the anomalies was carried out in powers of the boundary coupling
constant for the original D = 11/D = 10 heterotic construction. In that case, the
D = 10 boundary action and the corresponding boundary conditions for D = 11 bulk
fields occurred at first order in the boundary coupling 1
λ2
Sboundary ∼ 1
λ2
∫
∂M
∗F(2) ∧ F(2) C(3)
∣∣
∂M ∼
κ2
λ2
ω(3) (2.133)
The bosonic anomaly, however, comes from substituting the boundary condition for C(3)
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into the variation of the Chern-Simons term,
δS ∼ 1
κ2
∫
∂M
δC(3) ∧ C(3) ∧ F(4) ∼ 1
κ2
(
k2
λ2
)3 ∫
∂M
δω(3) ∧ ω(3) ∧ F(2) ∧ F(2) (2.134)
which gives an anomaly at third order in 1
λ2
. This means that supersymmetric Noether
coupling can be carried out to second order in 1
λ2
[10] without interference from anomaly
complications, whose discussion can be postponed until later on at third order in 1
λ2
[45].
In the construction of the present chapter, however, the discussion of anomalies cannot
similarly be postponed. This is because the bosonic anomaly in this case comes from a
variation
δS ∼ 1
κ2
∫
∂M
δA(3) ∧ ω(3)(A) ∼ 1
κ2
k2
λ2
∫
∂M
δω(3)(C) ∧ ω(3)(A) (2.135)
which occurs already at first order in 1
λ2
, i.e. it is of the same order as the boundary action
that we are constructing.
Thus, the best that one can arrange for in the present bulk-plus-boundary coupling
is agreement with the Wess-Zumino consistency conditions, as discussed in Section 2.5.2.
Reduction of the D = 7/D = 6 construction to a purely 6 dimensional theory by taking
a coincident boundary limit, as explained in Section 2.9, confirms the correctness of this
construction by yielding precisely the 6 dimensional Wess-Zumino consistent system that
was found in [31].
Another challenge encountered in the present construction is the coupling of bound-
ary hypermultiplets. These are in general necessary in order to arrange for gravitational
anomaly cancellation, but they do not affect the classical gauge or supersymmetry anoma-
lies. However, the bulk-plus-boundary couplings in this sector lead to novel problems.
Eight-supercharge (N = 2, D = 4 or N = 1, D = 6 supersymmetry) hypermultiplets
coupled to supergravity require an overall quaternionic Ka¨hler target-space manifold [32].
Indeed, the bulk 7 dimensional theory dimensionally reduced to 6 dimensions and trun-
cated to N = 1, 6 dimensional local supersymmetry generates precisely this kind of scalar
target-space manifold [29]. However, when one includes additional hypermultiplets on the
6 dimensional boundaries of the Horˇava-Witten construction, one runs into the problem
that one cannot simply add quaternionic Ka¨hler manifolds to produce an overall quater-
nionic Ka¨hler manifold. The resolution of this problem led to the connection condition
(2.81).
A number of aspects of the constructions discussed in this chapter call for further
development. A fuller treatment of the hypermultiplet couplings will be given in a separate
publication, and a full analysis of the solutions to the anomaly-cancellation conditions is
called for. Another open question deals with a very special class of remarkably anomaly-
free 6 dimensional theories with gauged U(1)R symmetries. These are:
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• the E7×E6×U(1)R invariant model in which the hyperfermions are in the (912, 1, 1)
representation of the gauge group [19],
• the E7×G2×U(1)R invariant model with hyperfermions in the (56, 14, 1) represen-
tation of the gauge group [20], and
• the F4×Sp(9)×U(1)R invariant model with hyperfermions in the (52, 18, 1) repre-
sentation of the gauge group [21].
We have determined that the construction of this chapter cannot yield any of these models
in a coincident brane limit. Thus, finding the higher-dimensional origins of these theories,
if any, remains an outstanding open problem.
More generally, the roˆle of noncompact gaugings and their higher-dimensional origins
through reduction on noncompact spaces needs further consideration. Noncompact re-
ductions may, as in the H(2, 2) reduction considered in [24], yield classically consistent
Kaluza-Klein reductions. But at the quantum level, this classical Kaluza-Klein consis-
tency is surely broken. Moreover, noncompact reductions from higher-dimensional the-
ories would be expected to lead to a continuous Laplace eigenvalue spectrum without a
mass gap between the retained lower-dimensional and the higher truncated Kaluza-Klein
states. One can imagine a number of possible responses to this situation. One would
be to consider a compactification of the reduction space, perhaps by modding out by
discrete symmetries, but this would also likely be at the cost of introducing supersym-
metry breaking at some new scale in the problem. Another might be to look for discrete
Laplace eigenfunctions in the midst of a continuous-eigenvalue spectrum. Such situations
are not unusual in other contexts, such as condensed-matter physics. It remains to be
seen whether they have a relevance in the context of noncompact gauged R-symmetries.
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Chapter 3
Boundary Conditions in
Supergravity
3.1 Introduction
Supersymmetric theories for systems with boundaries have been of great interest for some
time [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67]. We have seen in Chapter
2 that these systems are especially important for allowing reductions of odd-dimensional
models to give rise to chiral effective theories. The most notable examples of this are
the 11D Horava-Witten construction [8], also known as Heterotic M-Theory, and the 5D
Randall-Sundrum scenario [43, 44, 68, 69]. In these theories one begins by considering a
bulk supergravity action and then proceeds to couple boundary-localized matter to it. The
construction of a supersymmetric action, in these theories, is complicated by the fact that
the bulk Lagrangian, which we usually refer to as being invariant under supersymmetry,
in fact varies into a total derivative. The bulk action then varies into a surface term.
To produce an invariant action, when the effects of boundaries are considered, one
therefore typically resorts to using certain boundary conditions (b.c.) such as those shown
in (2.65) and (2.77). These relate the bulk fields, which are restricted to the boundary,
to the boundary-localized matter fields. The boundary action is then constructed in such
a way as to cancel the surface term, after the b.c. have been imposed. Clearly, a key
feature of these ‘susy with b.c.’ constructions is the b.c. themselves, as without them the
bulk and boundary non-invariances are unable to be related and so will not cancel.
The choice of boundary conditions available is subject to two constraints. Firstly, the
b.c. must vary into each other under supersymmetry, which we describe by saying that
they ‘form an orbit’ [70]. In other words, the b.c. must be expressible as a susy multiplet.
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In rigidly supersymmetric models, the multiplets (superfields) of b.c. have been identified
e.g. in [71, 72]. Secondly, the b.c. must also be consistent with the variational principle,
which makes the construction of supersymmetric bulk + boundary actions quite non-
trivial, especially in supergravity [1, 10, 73, 74, 75, 76, 77]. For this reason, in several
studies on the subject, a semi-consistent approach has been adopted where the b.c. used
for supersymmetry do not match those derived from the action [78].
The fully consistent and constructive approach was presented in [47]. There it was
shown, in a 3D setting, that it is possible to identify ‘co-dimension one’ (boundary) super-
multiplets of the bulk supergravity and matter multiplets without imposing any boundary
conditions, and the procedure for constructing bulk + boundary actions that are ‘susy
without b.c.’ was described. This formulation relies on the existence of auxiliary fields
needed to form the multiplets. It was demonstrated, however, that in certain cases the
elimination of auxiliary fields yields actions that remain ‘susy without b.c.’ 1 In general,
however, the elimination of auxiliary fields mixes boundary conditions with supersymme-
try [71], and one ends up with a ‘susy with b.c.’ formulation as described above, but
which is guaranteed to be consistent.
In this chapter, we will consider the 3D N = 1 equivalent of the Horava-Witten
setup, and will work with the ‘susy without b.c.’ formalism of [47]. The b.c. in this
case are still present but are simply implied by the variational principle rather than
being necessary for supersymmetry. As is well-known, the (‘natural’ [80, 81]) b.c. in
supergravity relate the normal derivative of the bulk metric (i.e. the extrinsic curvature
tensor) to the boundary energy-momentum tensor [30], and the bulk gravitino to the
boundary supercurrent [10, 78]. We will cast these b.c. in a manifestly supersymmetric
form, in which they relate the Extrinsic Curvature Tensor Multiplet (ECTM), which we
explicitly construct in this chapter, to the boundary Super Current Multiplet (SCM),
introduced in [82].
In Section 3.2, we will set up our supersymmetric 3D bulk + 2D boundary system
while reviewing the formalism of [47]. We will derive the field equations and boundary
conditions as they follow from the variational principle, and pose the question of fitting
them into multiplets. In Section 3.3, we will construct a multiplet that contains the
extrinsic curvature tensor Kmn. The verification that this ECTM transforms as a standard
2D N = (1, 0) multiplet provides a spectacular display of the validity of the ‘susy without
b.c.’ formalism. In Section 3.4, we will demonstrate that the b.c. in our model relate the
ECTM to the boundary SCM. We then summarize our results, and discuss their extension
to higher-dimensional models.
1 It is thus still an open question whether the 11D Horava-Witten model [8, 10, 74] allows a ‘susy
without b.c.’ formulation. Some obstacles in achieving this in the similar 5D setup have been discussed
in [77, 79].
72
3.2 The Supersymmetric Bulk + Boundary System
3.2.1 3D Supergravity on a Manifold with a Boundary
Our starting point is three-dimensional N = 1 supergravity in the presence of a boundary
as has been considered in [47]. We will follow the same conventions 2 and briefly review
the results of [47] here. We consider a three-dimensional manifold with a single boundary
normal to the x3 direction, where the bulk runs over the range 0 < x3. The presence
of the boundary breaks the symmetry under translations in the x3 direction and, as the
susy algebra closes on these translations, half the supersymmetry is broken as well. In the
conventions used, the surviving supersymmetry is parametrized by +, which is related
to the bulk supersymmetry parameter  = + + − by + = P+ with the projection
operators defined by P± = 12(1 ± γ 3ˆ). Much of the algebra, in this bulk + boundary set
up, is simplified by the unusual Lorentz gauge choice,
ea
3 = 0 ⇒ em3ˆ = 0 (3.1)
(whereas e3
a 6= 0 and e3ˆm 6= 0). This condition is not invariant under either the bulk
susy (δQ) or Lorentz (δL) transformations. However, (3.1) is invariant under the modified
supersymmetry transformation,
δ′Q(+) = δQ(+) + δL(λa3ˆ = −+ψa−). (3.2)
This modified susy represents the supersymmetry transformations intrinsic to the bound-
ary and involves a standard supersymmetry transformation, combined with a compensat-
ing Lorentz transformation, which restores the gauge choice for the boundary vielbein. In
what follows, we will see that fields, which transform under δQ and δL in the bulk, can be
formed into well-behaved multiplets transforming under δ′Q on the boundary.
The bulk we consider is populated by a 3D supergravity multiplet (eM
A, ψM , S) which
transforms under the δ = δQ() susy as
δeM
A = γAψM , δψM = 2DˆM, δS =
1
2
γMN ψˆMN , (3.3)
where
DˆM = DM(ωˆ)+
1
4
γMS, ψˆMN = DˆMψN − DˆNψM ,
DˆMψN = DM(ωˆ)ψN − 1
4
γNψMS, DM(ωˆ)ψN = ∂MψN +
1
4
ωˆMABγ
ABψN . (3.4)
2 M , N are curved 3D indices, A, B are flat 3D indices, with decomposition M = (m, 3) and A =
(a, 3ˆ). The 3D gamma matrices satisfy γAγB = γAB + ηAB with ηAB = (− + +) and γAγBγC =
γABC + ηABγC + ηBCγA− ηACγB with γABC = εABC . Our spinors are Majorana; ψ = ψTC, CT = −C,
CγAC−1 = −(γA)T. The 3D epsilon tensor is related to the 2D epsilon tensor by εab3ˆ = εab.
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In this chapter we will label supercovariant objects with a hat, as such DˆM is the 3D-
supercovariant derivative. 3 We have defined this derivative so that it is covariant under
Lorentz transformations but is not covariant under diffeomorphisms which can be seen
from (3.4). The supercovariant spin connection which appears in this derivative is given
by
ωˆMAB = ω(e)MAB + κMAB, κMAB =
1
4
(ψMγAψB − ψMγBψA + ψAγMψB),
ω(e)MAB =
1
2
(CMAB − CMBA − CABM), CMNA = ∂MeNA − ∂NeMA, (3.5)
and it transforms under supersymmetry as
δωˆMAB =
1
2
(γBψˆMA − γAψˆMB − γM ψˆAB)− 1
2
(γABψM)S. (3.6)
The supergravity multiplet also transforms under the bulk Lorentz transformations δλ =
δL(λAB) as
δλeM
A = λABeMB, δλψM =
1
4
λABγABψM ,
δλS = 0, δλωˆMAB = −D(ωˆ)MλAB. (3.7)
We define the 3D Riemann tensor R(ωˆ)MN
AB = ∂M ωˆN
AB + ωˆM
ACωˆNC
B− (M ↔ N), and
find that the corresponding supercovariant tensor is given by
RˆMNAB = ∂M ωˆNAB + ωˆMA
CωˆNCB +
1
8
(ψMγABψN)S
− 1
4
ψM(γBψˆNA − γAψˆNB − γN ψˆAB)− (M ↔ N). (3.8)
Supersymmetry variation of the supercovariant gravitino field strength is then
δψˆAB =
1
4
γCDRˆABCD +
1
2
γBDˆAS +
1
8
γABS
2 − (A↔ B), (3.9)
where DˆMS = ∂MS − 14ψMγBCψˆBC .
With the scalar curvature defined by R(ωˆ) = eB
MeA
NR(ωˆ)MN
AB, the standard 3D
N = 1 supergravity action is
SSG =
∫
M
d3xe3
[1
2
R(ωˆ) +
1
2
ψMγ
MNKD(ωˆ)NψK +
1
4
S2
]
. (3.10)
In usual discussions of supersymmetry, one considers a Lagrangian invariant if it varies
into a total derivative. However, in the model considered here, the bulk Lagrangian lives
3 A supercovariant quantity has supersymmetry variation which does not involve derivatives of the
supersymmetry parameter . Acting on a supercovariant quantity with the supercovariant derivative
produces another supercovariant quantity.
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on a manifold M that has a boundary ∂M. This means that when the bulk action is
varied, the total derivative produced is mapped into a surface term on the boundary. The
presence of this surface term means that the action is no longer supersymmetric unless
certain boundary conditions are imposed which force the surface term to vanish.
The work of [47] improves on this situation by adding a boundary-localized term to
the action. The variation of this boundary term cancels the surface term produced by
the variation of the bulk. This gives an action that is supersymmetric, under the modi-
fied transformations (3.2), without the need for any boundary conditions. This improved
supergravity action is given by
SimprSG =
∫
M
d3xe3
[
1
2
R(ωˆ) +
1
2
ψMγ
MNKD(ωˆ)NψK +
1
4
S2
]
+
∫
∂M
d2xe2
[
Kˆ +
1
2
ψa+γ
aγbψb−
]
, (3.11)
where Kˆ = emaKˆma and Kˆma = ωˆma3ˆ− 12ψm+ψa−, which is the (symmetric) supercovariant
extrinsic curvature. 4
3.2.2 2D Induced Supergravity
The transformations of the 3D supergravity multiplet imply that the induced 2D su-
pergravity multiplet is (em
a, ψm+). This transforms under the modified supersymmetry
δ′ = δ
′
Q(+) introduced in (3.2) as [47]
δ′em
a = +γ
aψm+, δ
′
ψm+ = 2D
′
m(ωˆ
+)+, (3.12)
where D′m is the induced boundary covariant derivative,
5
D′m(ωˆ
+) = ∂m+
1
4
ωˆ+mabγ
ab, (3.13)
4 The extrinsic curvature is usually defined as in Chapter 2 by KMN = ±PMKPNL∇KnL, where
nM is the outward-pointing vector normal to the boundary, PM
K = δM
K − nMnK projects into the
directions tangent to the boundary and ∇KnL = ∂KnL − ΓKLSnS . In our gauge and with our choice
of coordinates, nM = (0, 0,−e33ˆ) and Kmn = ∓Γmn3n3 = ±Γmn3e33ˆ. The vielbein postulate yields
Γmn
3e3
3ˆ = −ωma3ˆena. Our sign choice is then KMN = −PMKPNL∇KnL.
5 In this chapter the prime is universally used to mean “appropriate for the boundary.” (We could
also write ωˆ′mab instead of ωˆ
+
mab.) The 2D supercovariance is with respect to (3.2).
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and the 2D-supercovariant spin connection ωˆ+mab is defined by
ωˆmab = ωˆ
+
mab + κ
−
mab, ωˆ
+
mab = ω(e)mab + κ
+
mab,
ω(e)mab =
1
2
(Cmab − Cmba − Cabm) = −Cabm, Cmna = ∂mena − ∂nema,
κ−mab =
1
4
(ψm−γaψb− − ψm−γbψa− + ψa−γmψb−) =
1
2
ψa−γmψb−,
κ+mab =
1
4
(ψm+γaψb+ − ψm+γbψa+ + ψa+γmψb+) =
1
2
ψa+γmψb+. (3.14)
To simplify the expressions for κmab and ωmab, we have used the 2D Schouten identity,
which states that the antisymmetrization of any 3 indices vanishes. With these definitions,
ωˆ+mab is the standard supercovariant spin connection for the induced vielbein em
a. The
2D-supercovariant gravitino field strength and Riemann tensor are defined by
ψˆ′mn+ = D
′
m(ωˆ
+)ψn+ − (m↔ n),
Rˆ′(ωˆ+)mnab = ∂mωˆ+n
ab + ωˆ+m
acωˆ+nc
b +
1
2
ψm+γnψˆ
′ab
+ − (m↔ n), (3.15)
and the analogs of (3.6) and (3.9) are quite simple,
δ′ωˆ
+
mab = −+γmψˆ′ab+, δ′ψˆ′ab+ =
1
2
γcd+Rˆ
′
abcd. (3.16)
These are all standard 2D N = (1, 0) supersymmetry results which follow from the fact
that the modified supersymmetry transformations (3.2) close into standard 2D N = (1, 0)
supersymmetry algebra [47]. As a result, we can use the standard supergravity tensor
calculus [83, 84, 85, 86, 87] to construct (separately) supersymmetric boundary actions
depending on boundary-localized fields.
3.2.3 Boundary Localised Matter
Now we wish to consider coupling additional boundary-localized matter to the system.
The virtue of the ‘susy without b.c.’ setup is that, in great contrast to the work of
Chapter 2, this can be easily done. This is because the bulk and boundary are separately
supersymmetric.
The basic 2D N = (1, 0) multiplets are the scalar multiplet Φ2(A) = (A,χ−) and the
spinor multiplet Ψ2(χ+) = (χ+, F ). The fields in these multiplets transform as
δ′A = +χ−, δ
′
χ− = γ
a+Dˆ
′
aA,
δ′χ+ = F+, δ
′
F = +γ
aDˆ′aχ+, (3.17)
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where Dˆ′m is the 2D-supercovariant derivative. It is (minimally) supercovariant with
respect to the 2D (induced) supersymmetry δ′ and is given by
Dˆ′mA = ∂mA−
1
2
ψm+χ−, Dˆ
′
mχ+ = D
′
m(ωˆ
+)χ+ − 1
2
Fψm+. (3.18)
According to the 2D N = (1, 0) tensor calculus [87], the multiplets can be multiplied
Φ2(A)× Φ2(A˜) = (AA˜, A˜χ− + Aχ˜−) ≡ Φ2(AA˜),
Ψ2(χ+)× Φ2(A) = (χ+A, FA− χ−χ+) ≡ Ψ2(χ+A); (3.19)
their derivatives exist in the form of kinetic multiplets,
TΦ2(A) = (γ
aDˆ′aχ−, Dˆ
′aDˆ′aA) ≡ Ψ2(γaDˆ′aχ−),
TΨ2(χ+) = (F, γ
aDˆ′aχ+) ≡ Φ2(F ); (3.20)
and functions of the scalar multiplet can be defined,
Φ2(U(A)) = (U(A), U
′(A)χ−), (3.21)
where U ′(A) ≡ ∂U(A)/∂A. Finally, locally supersymmetric actions are constructed from
spinor multiplets as ∫
d2xe2
[
F +
1
2
ψa+γ
aχ+
]
. (3.22)
The boundary action we will consider consists of three separately supersymmetric
terms. Firstly, there are the kinetic terms for the scalar multiplet formed from the multi-
plet Φ2(A)×TΦ2(A); similarly, there are the kinetic terms for the spinor multiplet formed
from the multiplet Ψ2(χ−) × TΨ2(χ−); and finally, there are superpotential-type terms
formed from the multiplet Ψ2(χ−)× Φ2(U(A)). This gives the boundary matter action
Sm = a
∫
∂M
d2xe2
[
− ∂aA∂aA− χ−γa∂aχ− + ψa+γbγaχ−∂bA
]
+ b
∫
∂M
d2xe2
[
F 2 − χ+γa∂aχ+
]
+ c
∫
∂M
d2xe2
[
U(A)F − χ+χ−U ′(A) +
1
2
ψa+γ
aχ+U(A)
]
, (3.23)
where a, b and c are constants put in to keep track of the contributions arising from these
three separately supersymmetric terms. The complete action, S = SimprSG + Sm, formed
from (3.11) + (3.23), is supersymmetric as each of its parts are separately supersymmetric.
This shows how easy it is to create bulk + boundary actions similar to those in Chapter
2 and in [10, 73, 75, 76, 77, 1] when the ‘supersymmetry without b.c.’ formalism is
employed. 6
6 We note that the ‘susy without b.c.’ formalism has recently been used in [88, 89].
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3.2.4 Field Equations and Boundary Conditions
When the variational principle is applied to the complete action, three classes of equation
arise from the three quite different sectors of the variational principle. The variation of
bulk fields in the bulk gives rise to field equations for these bulk fields in the standard
way. These bulk field equations can be stated as the following supercovariant equations,
RˆAB − 1
2
ηABRˆ = 0, ψˆAB = 0, S = 0, (3.24)
where the supercovariant Ricci tensor is defined by RˆMB = e
NARˆMNAB. These vary into
one another under the bulk supersymmetry and under the bulk Lorentz transformations,
and hence vary into each other under the induced supersymmetry as well. We describe
this property by saying that this set of equations forms an orbit.
Similarly, the variation of boundary fields on the boundary gives rise to a second set
of field equations for the boundary fields. These boundary field equations can also be
stated in the supercovariant form,
2aDˆ′aDˆ
′aA+ cFU ′(A)− cχ+χ−U ′′(A) = 0, 2bF + cU(A) = 0,
2aγaDˆ′aχ− + cχ+U
′(A) = 0, 2bγaDˆ′aχ+ + cU
′(A)χ− = 0. (3.25)
As with the bulk field equations, this set forms another orbit under the induced super-
symmetry transformations.
Finally, there are the equations implied by the variation of bulk fields on the boundary.
This includes terms which are present due to having used integration by parts when
deriving the bulk field equations (3.24) as well as terms which arise due to the variation
of the boundary localized terms in (3.11). This gives the boundary conditions, which once
again can be stated in the supercovariant form, 7
Kˆab − ηabKˆ
∣∣
∂M = a
[
2Dˆ′aADˆ
′
bA+ χ−γbDˆ
′
aχ− − ηabDˆ′cADˆ′cA− ηabχ−γcDˆ′cχ−
]
+ b
[
χ+γbDˆ
′
aχ+ + ηabF
2 − ηabχ+γcDˆ′cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U ′(A)
]
,
ψa−
∣∣
∂M = aγ
bγaχ−Dˆ′bA−
c
2
γaχ+U(A). (3.26)
These two equations do not form an orbit on their own. However, the fact that (3.24),
(3.25) and (3.26) have all been derived from the supersymmetric action via the variational
7 We consider only Neumann (natural) boundary conditions which arise from unrestricted variations
of em
a and ψm+ on the boundary. The other possibility is to use Dirichlet boundary conditions which
restrict the variations of these fields on the boundary.
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principle guarantees that together they are closed under supersymmetry variation. It is
easy to check that this is indeed the case. The question is then, how to extract a minimal
orbit that contains (3.26) and some of the bulk and/or boundary field equations. Fur-
thermore, this orbit should be expressible as a multiplet of the induced supersymmetry. 8
In what follows, we will identify what this multiplet is and discuss its physical origin.
In the ‘susy without b.c.’ formalism we have described, the three classes of field
equation encountered in Section 3.2.4 appear on similar footings. However, our motivation
for considering this 3D system is to gain a fuller understanding of more general and
physically important bulk + boundary systems where such a formalism is not always
possible. This is because the ‘susy without b.c.’ formalism relies heavily on the existence
of auxiliary fields. When these auxiliary fields are not available, the best one can do, in
general, is to construct a bulk + boundary system where supersymmetry of the action
relies on using the boundary conditions. In the resulting ‘susy with b.c.’ formalism,
the boundary conditions are thus set apart from the other equations implied by the
variational principle. As studies in 5D [69, 73, 75, 76, 77], 7D [1] and 11D [8, 10, 74]
have demonstrated, it is quite non-trivial to achieve consistency within the ‘susy with
b.c.’ formalism. It is for this reason that we wish to obtain a fuller understanding of the
bulk + boundary systems in the simpler setups where both formulations can be used.
3.3 The Extrinsic Curvature Tensor Multiplet
The first step in enabling the boundary conditions we have identified to be phrased as a
multiplet of the induced supersymmetry, is finding a multiplet which contains the extrinsic
curvature tensor Kˆab. We begin this process by noting that the variation of the odd parity
gravitino is given by [47]
δ′ψa− = γ
b+(Kˆab +
1
2
ηabS). (3.27)
Using that εab ≡ εab3ˆ, γab = εab3ˆγ 3ˆ and γa = γabγb = −εabγbγ 3ˆ imply
γa+ = −εabγb+, (3.28)
we can rewrite (3.27) in the alternative form,
δ′ψa− = γ
b+Uba, Uab ≡ Kˆab + 1
2
εabS. (3.29)
8 If one could formulate the bulk (3D) supergravity in terms of boundary (2D) superfields, then the
field equations and boundary conditions would automatically arise in the superfield form. The way this
argument lifts to the component (tensor calculus) analysis was discussed in the rigidly supersymmetric
setting in [71, 72].
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Given that Kˆab is symmetric, whereas εab is antisymmetric, we see that in this second
form S enters independently, without mixing with Kˆab.
The variation (3.29) does not appear to fit into any of the standard irreducible mul-
tiplets of the 2D N = (1, 0) tensor calculus. However a reducible multiplet containing
(3.29) can be identified and has the form (ζa−, Uab, λa+). The goal of this section will be
to establish that the complete extrinsic curvature tensor multiplet (ECTM) is indeed a
multiplet of this form given by
ECTM =
(
ψa−, Kˆab +
1
2
εabS, −ψˆa3ˆ+
)
. (3.30)
3.3.1 Multiplets of 2D N = (1, 0) Supergravity
The first step in proving (3.30) is to show that a multiplet of the form (ζa−, Uab, λa+) does
indeed exist and that the supersymmetry transformations acting on this multiplet close
into the standard algebra. The basic irreducible multiplets in the 2D N = (1, 0) tensor
calculus are the scalar, Φ2(A) = (A,χ−), and the spinor, Ψ2(χ+) = (χ+, F ), multiplets
whose supersymmetry transformations are given in (3.17). Besides these, there are a
variety of irreducible (and reducible) multiplets with external Lorentz indices [90], which
can be found, for example, by applying supercovariant derivatives to the components of
the basic multiplets. The variation of these supercovariant objects is given by 9
δ′(Dˆ
′
aA) = +Dˆ
′
aχ−, δ
′
(Dˆ
′
aDˆ
′
bA) = +Dˆ
′
aDˆ
′
bχ− + +γaλb+,
δ′(Dˆ
′
aχ−) = γ
b+Dˆ
′
bDˆ
′
aA, δ
′
(Dˆ
′
aDˆ
′
bχ−) = γ
c+Dˆ
′
aDˆ
′
cDˆ
′
bA− γa+Bb,
δ′(Dˆ
′
aχ+) = +Ga, δ
′
(Dˆ
′
aDˆ
′
bχ+) = +Hab. (3.31)
9 In proving these statements, we have used the following useful lemmas describing the commutators
of supercovariant derivatives,
[Dˆ′a, Dˆ
′
b]A = −
1
2
χ−ψˆ
′
ab+,
[Dˆ′a, Dˆ
′
b]Dˆ
′
cA = Rˆ
′
abcdDˆ
′dA− 1
2
Dˆ′cχ−ψˆ
′
ab+,
[Dˆ′a, Dˆ
′
b]Dˆ
′
cχ− = Rˆ
′
abcdDˆ
′dχ− +
1
4
Rˆ′abpqγ
pqDˆ′cχ− −
1
2
γdψˆ′ab+Dˆ
′
dDˆ
′
cA,
[Dˆ′a, Dˆ
′
b]χ+ =
1
4
Rˆ′abcdγ
cdχ+ − 1
2
Fψˆ′ab+,
[Dˆ′a, Dˆ
′
b]Dˆ
′
cχ+ = Rˆ
′
abcdDˆ
′dχ+ +
1
4
Rˆ′abpqγ
pqDˆ′cχ+ −
1
2
ψˆ′ab+Gc.
Furthermore we note that δ′ψˆ
′
ab+ =
1
2γ
cd+Rˆ
′
abcd and δ
′
Rˆ
′
abcd = +γaDˆ
′
bψˆ
′
cd+ − (a↔ b).
80
where we defined
λa+ ≡ −ψˆ′ab+Dˆ′bA,
Ga ≡ Dˆ′aF +
1
2
χ+γ
bψˆ′ab+,
Ba ≡ Dˆ′bχ−ψˆ′ab+ −
1
4
Dˆ′aχ−γ
cdψˆ′cd+,
Hab ≡ Dˆ′aGb + Dˆ′cχ+γaψˆ′bc+ +
1
2
Dˆ′bχ+γ
cψˆ′ac+. (3.32)
These new quantities transform as
δ′λa+ = γ
cd+Dˆ
′
dDˆ
′
cDˆ
′
aA+ +Ba,
δ′Ga = +γ
bDˆ′bDˆ
′
aχ+,
δ′Ba = +γ
cdDˆ′dDˆ
′
cDˆ
′
aχ− − +γc(ψˆ′ab+Dˆ′cDˆ′bA+ ψˆ′cb+Dˆ′bDˆ′aA),
δ′Hab = +γ
cDˆ′cDˆ
′
aDˆ
′
bχ+. (3.33)
We use these transformations to identify several 2D multiplets. There is a scalar
multiplet with a single external Lorentz index (Aa, χa−) = (Dˆ′aA, Dˆ
′
aχ−) which transforms
as
δ′Aa = +χa−, δ
′
χa− = γ
b+Dˆ
′
bAa. (3.34)
Similarly, there is a scalar multiplet with two external Lorentz indices (Aab, χab−) =
(Dˆ′aDˆ
′
bA, Dˆ
′
aDˆ
′
bχ− + γaλb+) which transforms as
δ′Aab = +χab−, δ
′
χab− = γ
c+Dˆ
′
cAab. (3.35)
We also find spinor multiplets with external Lorentz indices. There is a spinor multiplet
with one external Lorentz index (χa+, Fa) = (Dˆ
′
aχ+, Ga) which transforms as
δ′χa+ = +Fa, δ
′
Fa = +γ
bDˆ′bχa+. (3.36)
Similarly, there is a spinor multiplet with two external Lorentz indices (χab+, Fab) =
(Dˆ′aDˆ
′
bχ+, Hab) which transforms as
δ′χab+ = +Fab, δ
′
Fab = +γ
cDˆ′cχab+. (3.37)
Besides the above irreducible multiplets, we also identify certain reducible multiplets.
One such multiplet is (ζ−, Ua, λ+) = (γaDˆ′aχ+, Ga, −14χ+Rˆ′ + 14γabψˆ′ab+F ) which trans-
forms as
δ′ζ− = γ
a+Ua,
δ′Ua = +Dˆ
′
aζ− + +γaλ+,
δ′λ+ = γ
ab+Dˆ
′
bUa −
1
4
+(ζ−γ
cdψˆ′cd+). (3.38)
81
The corresponding multiplet with one external Lorentz index is (ζa−, Uab, λa+) =
(Dˆ′aχ−, Dˆ
′
aDˆ
′
bA, λa+) which transforms as
δ′ζa− = γ
b+Uba,
δ′Uab = +Dˆ
′
aζb− + +γaλb+,
δ′λa+ = γ
cd+Dˆ
′
dUca −
1
4
+(ζa−γ
cdψˆ′cd+) + +(ζ
b
−ψˆ
′
ab+). (3.39)
It is this reducible multiplet that is important for our considerations of the ECTM (3.30).
It is interesting to note that another example of a multiplet which has the from is the 2D
N = (1, 0) Ricci tensor multiplet,
(γbψˆ′ab+, Rˆ
′
ab, Dˆ
′bψˆ′ba+), (3.40)
which would be essential for discussing field equations in 2D supergravity.
We also note that although the multiplets (3.34) to (3.39) were obtained here by the
action of supercovariant derivatives, the results obtained are independent of this fact.
This can be checked by directly verifying that the supersymmetry algebra closes in the
usual way, for the transformation rules given.
Finally, we observe that given a multiplet (3.39), we can form another multiplet
? (ζa−, Uab, λa+) = (εabζb−, Uba − ηabU cc , −γabλb+ − γabγcDˆ′cζb−). (3.41)
This ‘star transformation’ squares to unity ?2 = 1 and will be very important in what
follows.
The reducible multiplet (3.39) can be split into irreducible submultiplets. To do this,
we begin by defining the projection tensors,
P±ab ≡ 1
2
(ηab ± εab), (3.42)
which enjoy the following properties
P+ab + P−ab = ηab, P+ab = P−ba,
P±abP±bc = P±ac, P±abP∓bc = 0, P±abP±ab = 0. (3.43)
Using these projection operators, we find that (ζa−, Uab, λa+) contains the following irre-
ducible submultiplets
Ψ2(γ
aζa−) =
(
γaζa−, 2P−abUab
)
,
Ψ2(γaγ
cγbζc−) =
(
γaγ
cγbζc−, 4P+acP+bdUcd
)
,
Φ2(2P+
abUab) =
(
2P+
abUab, 2γ
aλa+ + γ
aγbDˆ′bζa−
)
,
Φ2(4P−acP−bdUcd) =
(
4P−acP−bdUcd, 2γaγcγbλc+ + γaγcγbγdDˆ′cζd−
)
, (3.44)
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transforming as (χ+, F ), (χab+, Fab), (A,χ−) and (Aab, χab−) multiplets, respectively.
These multiplets can alternatively be expressed in terms of light-cone coordinates, 10
where we define ∂(±) = ∂0 ± ∂1 and ζ(±)− = ζ0− ± ζ1−. We find, respectively,(
γ(+)ζ(–)−, 2U(+)(–)
)
,(
γ(+)ζ(+)−, 2U(+)(+)
)
,(
U(–)(+), γ(–)λ(+)+ + Dˆ
′
(–)ζ(+)−
)
,(
U(–)(–), γ(–)λ(–)+ + Dˆ
′
(–)ζ(–)−
)
. (3.45)
It is clear that each of these multiplets contains one component Uab. The first two trans-
form as (χ+, F ), and the last two as (A,χ−) multiplets. A similar splitting exists also for
the multiplet (3.38).
3.3.2 Variation of the Middle Component
Having identified this important reducible multiplet we must now show that the ECTM
proposed transforms as a multiplet of this sort. We have already shown that the variation
of the lowest component has a transformation which is consistent with (3.39) and from
this we have identified that the middle component is given by Uab = Kˆab +
1
2
εabS, where
Kˆma = ωˆma3ˆ − 12ψm+ψa−. The next step is then to show that the variation of this middle
component matches (3.39) as well.
Using the unmodified supersymmetry (3.6) and Lorentz (3.7) transformations of ωˆMAB,
we find that the modified (or induced) supersymmetry transformation (3.2) of ωˆma3ˆ is
δ′ωˆma3ˆ = −
1
2
+(ψˆma− + γaψˆm3ˆ+ + γmψˆa3ˆ+)−
1
2
(+γaψm+)S +D(ωˆ)m(+ψa−). (3.46)
Analyzing the covariant derivative which appears in this equation, we note that
D(ωˆ)m(+ψa−) = ∂m(+ψa−) + ωˆmab(+ψb−)
= D′m(ωˆ
+)(+ψa−) +
1
2
(ψa−γmψb−)(+ψ
b
−), (3.47)
10 The relationship between the projection tensor P±ab and the light-cone coordinates can be highlighted
by noting that on a 2D vector vm = (v0, v1)
T , the projection tensor acts as
2P+a
bvb =
(
v(+)
v(+)
)
, 2P−abvb =
(
v(–)
−v(–)
)
,
where v(±) = v0 ± v1. From this it is clear that the action of the projection tensor produces a vector
parametrized by one light-cone coordinate element.
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and using the Fierz identity, 11 we find that the last term vanishes because
ψb−(χ+ψb−) = −
1
2
γaχ+(ψb−γ
aψb−) = 0. (3.48)
The variation of the supercovariant extrinsic curvature is then given by
δ′Kˆma = δ
′
ωˆma3ˆ −
1
2
ψm+δ
′
ψa− −
1
2
ψa−δ
′
ψm+
= −1
2
+(ψˆma− + γaψˆm3ˆ+ + γmψˆa3ˆ+)−
1
2
(+γaψm+)S +D
′
m(ωˆ
+)(+ψa−)
−ψa−D′m(ωˆ+)+ −
1
2
(ψm+γ
b+)(Kˆab +
1
2
ηabS)
= +D
′
m(ωˆ
+)ψb− +
1
2
(+γ
bψm+)(Kˆab − 1
2
ηabS)
−1
2
+(ψˆma− + γaψˆm3ˆ+ + γmψˆa3ˆ+). (3.49)
Flattening the indices with the induced vielbein gives
δ′Kˆab = ea
mδKˆmb − (+γcψa+)Kˆcb
= +D
′
a(ωˆ
+)ψb− − 1
2
(+γ
cψa+)(Kˆbc +
1
2
ηbcS)
−1
2
+(ψˆab− + γbψˆa3ˆ+ + γaψˆb3ˆ+). (3.50)
Noting that the minimally supercovariant derivative of ψa− is given by
Dˆ′mψa− ≡ D′m(ωˆ+)ψa− −
1
2
γbψm+Uba, (3.51)
where D′m(ωˆ
+)ψa− = ∂mψa− + 14 ωˆ
+
mbcγ
bcψa− + ωˆ+ma
bψb−, we can rewrite (3.49) as
δ′Kˆab = +Dˆ
′
aψb− −
1
2
+(ψˆab− + γbψˆa3ˆ+ + γaψˆb3ˆ+). (3.52)
Let us now analyze ψˆab− which appears in this equation. Starting with
ψˆMN = ∂MψN +
1
4
ωˆMABγ
ABψN − 1
4
γNψMS − (M ↔ N), (3.53)
then restricting the indices to lie tangent to the boundary and projecting with the
negative-chirality projection matrix P− = 12(1− γ 3ˆ), we find that
ψˆmn− = ∂mψn− +
1
4
ωˆmabγ
abψn− +
1
2
ωˆma3ˆγ
aψn+ − 1
4
γnψm+S − (m↔ n). (3.54)
From the definition of the induced spin connection (3.14), we have
∂mψn− − (m↔ n) = ena∂mψa− + ω(e)mnaψa− − (m↔ n). (3.55)
11 The 2D Fierz identities read (+ψ−)η+ = − 12 (+γcη+)γcψ− and (+ψ−)φ− = −(+φ−)ψ−.
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Substituting this into (3.53) gives
ψˆmn− = enaD′m(ωˆ
+)ψa− +
1
2
(Kˆma +
1
2
emaS)γ
aψn+
− 1
2
ψb−(ψn+γmψb+) +
1
8
γbcψn−(ψb−γmψc−) +
1
4
γaψn+(ψm+ψa−)− (m↔ n). (3.56)
After some Fierzing, we find that the 3-Fermi terms in the second line vanish. Thus
ψˆab− = D′a(ωˆ
+)ψb− +
1
2
(Kˆac +
1
2
ηacS)γ
cψb+ − (a↔ b), (3.57)
and therefor
ψˆab− = Dˆ′aψb− − (a↔ b). (3.58)
Substituting this back into (3.52), we find that the variation of Kˆab becomes manifestly
(a↔ b) symmetric,
δ′Kˆab =
1
2
+
(
Dˆ′aψb− − γaψˆb3ˆ+ + (a↔ b)
)
. (3.59)
Next, we note that the variation of the auxiliary field S can be written as
δ′S =
1
2
+γ
abψˆab− + +γaψˆa3ˆ+
= −εab
(1
2
+ψˆab− + +γbψˆa3ˆ+
)
. (3.60)
Now using the identity εabε
cd = −(δcaδdb − δdaδcb) yields
εabδ
′
S = +
{
ψˆab− −
[
γaψˆb3ˆ+ − (a↔ b)
]}
= +
(
Dˆ′aψb− − γaψˆb3ˆ+ − (a↔ b)
)
, (3.61)
and therefor
δ′Uab = +
(
Dˆ′aψb− − γaψˆb3ˆ+
)
. (3.62)
This shows that Uab does indeed transform as the bosonic component of the multiplet
(3.39), and identifies −ψˆa3ˆ+ as the top component of the ECTM.
3.3.3 Variation of the Top Component
The remainder of the proof is to show that −ψˆa3ˆ+ transforms as required. The modified
supersymmetry transformation (3.2) of ψˆAB is
δ′ψˆAB = δψˆAB +
1
4
λCDγ
CDψˆAB + λA
CψˆCB + λB
CψˆAC , (3.63)
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where δψˆAB is given in (3.9), and λab = 0, λa3ˆ = −+ψa−. Restricting one index to lie
in the tangent to the boundary direction (A = a) and the other in the normal to the
boundary direction (B = 3ˆ), and then projecting with the positive-chirality projection
matrix P+ =
1
2
(1 + γ 3ˆ), we find
δψˆa3ˆ+ =
1
2
γbc+Rˆbca3ˆ +
1
2
+DˆaS =
1
2
+
(
εbcRˆbca3ˆ + DˆaS
)
. (3.64)
Let us now examine this expression further. The bulk-supercovariant derivative of S is
related to the boundary-supercovariant derivative by
DˆaS = Dˆ
′
aS −
1
4
ψa−(γ
cdψˆcd+ − 2γcψˆc3ˆ−), (3.65)
where the boundary-supercovariant derivative in question is given by
Dˆ′aS = ∂aS −
1
4
ψa+(γ
cdψˆcd− + 2γcψˆc3ˆ+). (3.66)
The bulk-supercovariant gravitino field strength is related to the boundary-supercovariant
gravitino field strength by
ψˆab+ = ψˆ
′
ab+ +
(1
2
γcKˆbc +
1
4
γaψb−S − (a↔ b)
)
. (3.67)
Analyzing the bulk-supercovariant Riemann tensor defined in (3.8), we find (after some
algebra) the following supercovariant Gauss-Codazzi equation
Rˆabc3ˆ = Dˆ
′
aKˆbc +
3
8
ψc−ψˆ
′
ab+ +
1
4
ψa−(γcψˆb3ˆ− + γbψˆc3ˆ−)−
3
32
(ψa−γcψb−)S
+
1
2
(ψc−γaψ
d
−)Kˆbd −
1
16
(ψa−γ
dψb−)Kˆcd − (a↔ b), (3.68)
where
Dˆ′aKˆbc = D
′
a(ωˆ
+)Kˆbc − 1
4
ψa+
(
Dˆ′bψc− − γbψˆc3ˆ+ + (b↔ c)
)
. (3.69)
Finally, substituting (3.65), (3.67) and (3.68) into (3.64), gives
δ′ψˆa3ˆ+ = −γcd+Dˆ′dUca +
1
4
+(ψa−γ
cdψˆ′cd+)− +(ψ
b
−ψˆ
′
ab+), (3.70)
as required for consistency with (3.39). This completes the proof that (3.30) transforms as
a (reducible) 2D N = (1, 0) multiplet under the modified supersymmetry transformations
(3.2).
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3.3.4 Irreducible Submultiplets of the ECTM
Applying the splitting of the reducible multiplet described in (3.44), we find that
Ψ2(γ
aψa−) =
(
γaψa−, Kˆ + S
)
,
Ψ2(γaγ
cγbψc−) =
(
γaγ
cγbψc−, 4P+acP+bdKˆcd
)
,
Φ2(Kˆ − S) =
(
Kˆ − S, −2γaψˆa3ˆ+ + γaγbDˆ′bψa−
)
,
Φ2(4P−acP−bdKˆcd) =
(
4P−acP−bdKˆcd, −2γaγcγbψˆc3ˆ+ + γaγcγbγdDˆ′cψd−
)
(3.71)
are the four irreducible submultiplets inside (3.30). The first submultiplet has been iden-
tified in [47], where it was called the ‘extrinsic curvature multiplet.’
Before closing this section, let us see what happens if one instead identifies Kˆab+
1
2
ηabS,
appearing in (3.27), with the second component of the multiplet (3.39). This is, in fact,
consistent and leads to the following ‘alternative ECTM’ multiplet
altECTM =
(
ψa− , Kˆab +
1
2
ηabS ,
1
4
γaγ
cdψˆcd− − 1
2
γbγaψˆb3ˆ+
)
. (3.72)
Subtracting (3.30) from (3.72) yields(
0, P−abS,
1
4
γaP−γCDψˆCD
)
. (3.73)
This difference is a multiplet of the (3.39) type, with only a single irreducible submultiplet
being non-zero: the Φ2(2P
ab
+ Uab) in (3.44). The difference multiplet is set to zero by the
bulk field equations (3.24), so that the two off-shell multiplets, (3.30) and (3.72), match
on-shell.
The above discussion clearly shows that the lowest component of a reducible multiplet
does not uniquely determine the other components, whereas in an irreducible multiplet it
does. It also makes it clear that the choice of the ECTM is not unique. In what follows
we will prefer the choice (3.30) but this is simply conventional.
3.4 The Supermultiplet of Boundary Conditions
Having identified the ECTM, we will now rewrite the boundary conditions we found in
Section 3.2.4 as a boundary condition on this multiplet. We begin by considering the
irreducible submultiplets of the ECTM. These are easier to work with than the reducible
multiplet, since for these irreducible multiplets the lowest component uniquely determines
the whole multiplet. We construct the multiplets of boundary conditions by substituting
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(3.25) and (3.26) into (3.71), in such a way that the on-shell b.c. (3.26), obtained from
the variational principle, are lifted to give the following off-shell b.c.
Ψ2(γ
aψa−)
∣∣
∂M = −c
(
χ+U(A), FU(A)− χ+χ−U ′(A)
)
,
Ψ2(γaγ
cγbψc−)
∣∣
∂M = 2a
(
γaγ
cγbχ−Ac, 4P+acAcP+bdAd + χ−γaγ
cγbχc−
)
,
Φ2(Kˆ − S)
∣∣
∂M = −c
(
FU(A)− χ+χ−U ′(A), γaDˆ′a (χ+U(A))
)
,
Φ2(4P−acP−bdKˆcd)
∣∣
∂M = 2a
(
4P−acAcP−bdAd, 2γaγcγbγdχc−Ad
)
,
+ 2b
(
χ+γaγ
cγbχc+, γaγ
cγbχc+F − γaγcγbχ+Gc
)
, (3.74)
where Aa = Dˆ
′
aA, χa = Dˆ
′
aχ, and Ga is defined in (3.32). These boundary conditions for
the submultiplets of the ECTM recombine into the following boundary condition for the
ECTM itself 12(
ψa−, Kab +
1
2
εabS, −ψˆa3ˆ+
)∣∣
∂M
= a
(
γbγaχ−Dˆ′bA, 2Dˆ
′
aADˆ
′
bA− ηabDˆ′cADˆ′cA+
1
2
χ−γaγ
cγbDˆ
′
cχ−,
γcγaγ
dDˆ′cχ−Dˆ
′
dA−
1
2
γaγ
bγcDˆ′c(χ−Dˆ
′
bA)
)
+
1
2
b
(
0, χ+γaγ
cγbDˆ
′
cχ+, γ
bγaDˆ
′
bχ+F − γbγaχ+Gb
)
− 1
2
c
(
γaχ+U(A), ηabU(A)F − ηabχ+χ−U ′(A), γabDˆ′b(U(A)χ+)
)
. (3.75)
In order to gain some physical insight into this equation, we consider the flat rigidly
supersymmetric 2D version of the boundary action (3.23) given by
Sflatm = a
∫
d2x
[
− ∂aA∂aA− χ−γa∂aχ−
]
+ b
∫
d2x
[
F 2 − χ+γa∂aχ+
]
+ c
∫
d2x
[
U(A)F − χ+χ−U ′(A)
]
. (3.76)
The Noether current associated with the invariance of this action under supersymmetry
is the supercurrent
Jflata− = 2aγ
bγaχ−∂bA+ cγaχ+U(A), (3.77)
12 We emphasize that the multiplet on the R.H.S. of (3.75) is an off-shell multiplet. As a boundary
condition, (3.75) reduces to (3.26) when the boundary field equations (3.25) are used.
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whereas the Noether current associated with the invariance under translations is the
energy-momentum tensor
T flatab = a
[
2∂aA∂bA+ χ−γb∂aχ− − ηab∂cA∂cA− ηabχ−γc∂cχ−
]
+ b
[
χ+γb∂aχ+ + ηabF
2 − ηabχ+γc∂cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U ′(A)
]
. (3.78)
With this in mind, let us return to the locally supersymmetric boundary setup and pro-
mote these currents to their (boundary-)supercovariant equivalents,
Jˆa− = 2aγbγaχ−Dˆ′bA+ cγaχ+U(A) (3.79)
and
Tˆab = a
[
2Dˆ′aADˆ
′
bA+ χ−γbDˆ
′
aχ− − ηabDˆ′cADˆ′cA− ηabχ−γcDˆ′cχ−
]
+ b
[
χ+γbDˆ
′
aχ+ + ηabF
2 − ηabχ+γcDˆ′cχ+
]
+ c
[
ηabU(A)F − ηabχ+χ−U ′(A)
]
. (3.80)
Next, we fit the boundary field equations (3.25) into two multiplets, 13(
E(χ−), E(A)
)
≡ 2a
(
γaDˆ′aχ−, Dˆ
′
aDˆ
′aA
)
+ c
(
χ+U
′(A), FU ′(A)− χ+χ−U ′′(A)
)
,(
E(F ), E(χ+)
)
≡ 2b
(
F, γaDˆ′aχ+
)
+ c
(
U(A), U ′(A)χ−
)
, (3.81)
so that (3.25) is equivalent to the vanishing of these multiplets. The Noether currents we
have identified can now be combined into a supercurrent multiplet (SCM) [82, 91] of the
(3.39) type given by
SCM =
(1
2
Jˆa−, Tˆab +
1
4
χ+γaγbE(χ+) +
1
4
χ−γaγbE(χ−) − ηabFE(F ),
− 1
2
γcDˆ′cJˆa− +
1
2
γbγaE(χ−)Ab +
1
4
γaγ
bE(χ−)Ab
+
1
4
γaχ−E(A) − 1
4
γaE(χ+)F −
1
4
γbγaχ+Dˆ
′
bE(F ) +
1
2
χa+E(F )
)
. (3.82)
Applying the ‘star transformation’ (3.41) to this multiplet gives(
− 1
2
γabJˆ
b
−, Tˆba − ηabTˆcdηcd −
1
4
χ+γaγbE(χ+) −
1
4
χ−γaγbE(χ−) + ηabFE(F ),
1
2
γbγaE(χ−)Ab −
1
4
γaγ
bE(χ−)Ab −
1
4
γaχ−E(A)
+
1
4
γaE(χ+)F −
1
4
γbγaχ+Dˆ
′
bE(F ) −
1
2
γabχ
b
+E(F )
)
. (3.83)
13 E(F) denotes the equation of motion obtained through varying the field F .
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With a little algebra, we find this to be equal to the R.H.S. of (3.75). Hence, we conclude
that the boundary conditions following from the variational principle can be stated in the
following manifestly supersymmetric form 14
ECTM
∣∣
∂M = ?SCM, (3.84)
where ECTM and ?SCM are off-shell multiplets given in (3.30) and (3.83), respectively.
This can be interpreted as the supermultiplet equivalent of the Israel junction condition
[30].
3.5 Conclusion
As we have seen, the boundary conditions in our ‘3D Heterotic M-Theory’ setup can
be neatly expressed in the form ECTM
∣∣
∂M = ?SCM. Here both the Extrinsic Curvature
Tensor Multiplet and the Super Current Multiplet are off-shell multiplets, thanks to their
dependence on auxiliary fields S and F . In order to see the implications of our results to
higher-dimensional models, where auxiliary fields are not necessarily available, we should
discuss what happens when one eliminates these auxiliary fields through their (algebraic)
field equations.
As has been pointed out in [47], setting S = 0 in the improved supergravity action
(3.11) preserves its ‘susy without b.c.’ property. This happens because the boundary term
in (3.11) does not depend on S. 15 As our boundary-localized matter action (3.23) also
does not depend on S, the on-shell action in our case is also ‘susy without b.c.’ Curiously
enough, the second submultiplet of the ECTM in (3.71) is independent of S and thus
remains a multiplet in the on-shell case. But for other multiplets, the dependence on
S cannot be removed, and so setting S = 0 necessarily mixes the b.c. multiplets with
the bulk field equations. This, however, does not present a conceptual problem because
consistency only requires that field equations and boundary conditions together form
a supersymmetry orbit and this is always guaranteed if the b.c. are derived from the
supersymmetric action via the variational principle.
Higher-dimensional supergravity multiplets contain extra fields (scalars, spinors, vec-
tors, antisymmetric tensors) besides the vielbein and the gravitino. The analogs of our
ECTM would then include odd parity components of these fields, but the b.c. would still
14 In any number of dimensions, the bulk gravitino kinetic term is ∼ ψMγMNK∂NψK , whereas
the boundary coupling is ∼ ψm+Jm. The boundary condition on the odd parity gravitino is then
γmnψn−
∣∣
∂M ∼ Jm [10, 78]. With the ECTM and SCM containing ψm− and Jm, respectively, the ‘star
conjugation’ is needed to absorb the γmn in the boundary condition.
15 In [71], it was demonstrated that when one considers boundary actions dependent on bulk auxiliary
fields, the elimination of the latter reduces ‘susy without b.c.’ to ‘susy with b.c.’
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be ECTM
∣∣
∂M = ?SCM with either off-shell (if auxiliary fields are available) or on-shell
multiplets. For example the boundary conditions (2.65) and (2.77) can be interpreted in
this way. Similarly in the 5D N = 1 case, the ECTM would include the odd part of the
graviphoton BM [77], whereas in the 11D case, the ECTM would include the odd part of
the bulk 3-form CMNK [10]. The b.c. should set these fields equal to conserved currents
that are part of the boundary SCM.
The actions we have constructed in this chapter represent consistent supersymmetric
theories with boundaries for which the consistent set of boundary conditions that we
have derived can be imposed. These sorts of constructions can the be reduced to chiral
supersymmetric theories by taking the limit when the boundaries become coincident as
shown in Section 2.9. This chapter can then also be viewed as a demonstration of the
virtues of the ‘susy without b.c.’ approach in considering Horˇava-Witten constructions
and their chiral reductions.
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Chapter 4
Ectoplasm with an Edge
4.1 Introduction
In the Chapter 3 we have shown that the construction and analysis of actions for su-
persymmetric systems with boundaries, such as those considered in Chapter 2, is greatly
simplified by using the ‘supersymmetry without boundary conditions’ formalism which has
recently been introduced [47, 71, 72, 77, 92] and put to use in [2, 89]. This formalism
can be viewed as the completion of the standard tensor calculus of supersymmetry and
supergravity [83, 84, 85, 86, 93] in the case where a boundary is present. However, as we
have mentioned, the approach often relies upon the existence of an off-shell supersymme-
try formalism, which is not available for all supersymmetric theories, including the key
maximal super Yang-Mills and maximal supergravity theories.
Another approach to the study of invariants, in theories with or without auxiliary
fields, is the so-called ectoplasm1 formalism [94, 95, 96, 97]. In the absence of boundaries,
this allows the construction of supersymmetric integrals in D-dimensional spacetime sys-
tematically from closed super D-forms in the corresponding superspace. More precisely,
there is a correspondence between such integral invariants and non-trivial cohomology
classes in the Dth de Rham (algebraic) cohomology group in superspace. The ectoplasm
formalism has been employed to codify the integrands of supersymmetric invariants (see,
for example, [98, 99, 100, 101]).
The main purpose of the present chapter is to extend the ectoplasm formalism to
1The ectoplasm formalism, referring to out-of-body material, employs the use of closed forms in full
superspace and not just in the “body” or purely bosonic subspace. For standard superspace cohomology,
see [98]. Another way of constructing integrals in superspace is to use generalised differential forms as
discussed for example in [102, 103].
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include boundaries. The superspace must be extended to include a ‘superboundary’ and
the correspondence is now between invariant integrals with boundary terms and relative
cohomology classes in superspace.2
In this chapter, we first review in Section 4.2 certain constructions in the ‘susy without
b.c.’ formalism that we will aim to reproduce in the ectoplasm language. Then in Section
4.3 we review the construction of supersymmetric invariants via closed forms in super-
space. In Section 4.4, we re-express the construction in terms of relative cohomology in
superspace and establish the relation between the present formulation and the superem-
bedding formalism3 [105, 106, 107, 108], which has been applied to supersymmetric brane
worldvolume actions in [109, 110]. We also introduce the notion of a ‘superboundary’ with
the half-projected surviving supersymmetry of the bosonic boundary. In Section 4.5, we
illustrate the construction with 3D, 4D and 5D examples. The 5D example involves the
construction of a Chern-Simons type closed superform via the mechanism of Weil trivial-
ity [113]. Finally in Section 4.6 we present some conclusions that can be drawn from this
chapter and comment on some open issues.
4.2 Superinvariants with Boundaries
In this section we will briefly review the use of the ‘susy without b.c.’ formalism in a
few crucial examples. This will allow these constructions to be later compared with the
equivalent model in the ectoplasm formulation and will set the stage for the relative co-
homology constructions to follow in Section 4.4.1. The specific examples that we will
consider here will all be within the context of rigid supersymmetry as there the construc-
tions are notably simpler. However, the general analysis that we will make later in the
chapter applies to both rigid and locally supersymmetric constructions. Consequently it
is possible for explicit examples, equivalent to those we will show here, to also be carried
out in the context of supergravity.
Throughout this chapter, we use the convention thatM = 1, . . . d+n is a supermanifold
world index with A = 1, . . . d+n an index on the supermanifold tangent space. Similarly
m = 0, . . . d − 1 is a bosonic submanifold world index with a = 0, . . . d − 1 an index
on the bosonic submanifold tangent space. In our general discussions here, we will take
µ = 1, . . . n to be a fermionic world index and α = 1 . . . n to be a fermionic tangent space
index. We will make use of a superspace covariant derivative which acts as
∇AEMB = ∂AEMB + ΩACBEMC , ∇AEBM = ∂AEBM − ΩABCECM . (4.1)
2Studies of p-brane worldvolume theories, another context for supersymmetric boundary theory in-
vestigations, have pointed out the roˆle played by relative cohomology in such contexts as well [104].
3The superembedding formalism was first proposed in the context of superparticles [111, 112].
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Then the superspace torsion is defined in terms of this connection as
TAB
C = −2∇[AEB)MEMC = 2Ω[AB)C − 2∂[A|E|B)MEMC . (4.2)
where ∂A = EA
M∂M and EM
A is the supervielbein . In the rigid cases that we consider, the
only nonvanishing component of the torsion is Tαβ
c = iγcαβ and the connection vanishes,
ΩAB
C = 0. Then ∇A is simply given by
∇a = EaM∂M = ∂a ∇α = EαM∂M = ∂α − 1
2
iγcαβθ
β∂c = Dα , (4.3)
where Dα is the standard flat-superspace covariant derivative. Here, we have used con-
ventions in which θα is real, which means that since (θαθβ)∗ = θβθα it follows that ∂α is
imaginary.
The first example we will consider applies to 3D N=1 rigid supersymmetry4. Here,
actions are determined by an unconstrained superfield J0 with components
J0| = A , DαJ0| = 1√
2
iχα , D
αDαJ0| = −iF , (4.6)
where
∣∣ denotes evaluation on the surface where all fermionic coordinates are set to zero.
These component fields transform under supersymmetry as
δA = iαχα , δχα = γ
m
α
ββ∂mA+ Fα , δF = i
αγmα
β∂mχβ , (4.7)
where the 3D spinors are Majorana.
The standard rule for constructing an F-density from this superfield is to build an
action given by
S =
∫
M0
d3x iDαDαJ0
∣∣ = ∫
M0
d3xF . (4.8)
4 In our work on rigid 3D supersymmetry, we use the conventions
αβ = 
αβ , 12 = 1 , αβ
βγ = −δαγ , ψα = αβψβ , ψβ = ψααβ ,
EAJA = E
aJa + E
αJα , [θ
α]∗ = θα, [Dα]∗ = −Dα , {γa, γb}αβ = δαβηab ,
ηab = diag(−1,+1,+1) , γabcαβ = abcδαβ , abcdef = −3!δ[adδbeδc]f , 012 = 1 ,
{Dα, Dβ} = −iγcαβ∂c , Tαβc = iγcαβ . (4.4)
This implies the useful identities
γa(αβδγ)
δ = abcγ
b
(αβγ
c
γ)
δ , DβDαDβ = {Dα, DβDβ} = 0 . (4.5)
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Since this action varies into a surface term on ∂M0, the traditional prescription for creat-
ing a supersymmetric action would be to impose boundary conditions on the component
fields in J0 that set this surface term to zero. However, in the ‘susy without b.c.’ formalism
[47, 72], one modifies instead the F-density rule such that
S =
∫
M0
d3x iDαDαJ0
∣∣+ ∫
∂M0
d2xJ0
∣∣ = ∫
M0
d3xF +
∫
∂M0
d2xA . (4.9)
Using (4.7), one then finds that the modified action varies into
δS =
∫
∂M0
d2x iχα(α − naγaαββ) , (4.10)
which is set to zero by the conditions by imposing a condition on the supersymmetry
parameter
naγ
a
α
ββ = α (4.11)
regardless of the choice of boundary conditions on the component fields in J0. As we have
seen conditions such as this are extremely generic in considerations of supersymmetry on
a manifold with a boundary where generally we impose constraints of the form
nmξ
m = 0 , nmγ
m =  , (4.12)
so that diffeomorphisms and combinations of supersymmetry transformations do not de-
form the boundary.
As a second example, we review briefly the construction of ‘susy without b.c.’ actions
in rigid 4D N=15. Here, the action is determined by a chiral superfield J0 satisfying
Dα˙J0 = 0 with components
J0| = A , DαJ0| = iχα , DαDαJ0| = −2iF . (4.15)
5 In our discussions of rigid 4D supersymmetry, we use the conventions
αβ
βγ = −δαγ , ψα = αβψβ , ψβ = ψααβ , α˙β˙α˙γ˙ = −δα˙γ˙ , ψ
α˙
= α˙β˙ψβ˙ , ψβ˙ = ψ
α˙
α˙β˙ ,
[αβ ]
∗ = α˙β˙ , [
αβ ]∗ = α˙β˙ , σaα˙α = αβα˙β˙σaββ˙ , [σ
a
αα˙]
∗
= σaα˙α ,
EAJA = E
aJa + E
αJα + E
α˙Jα˙ , [θ
α]∗ = θ
α˙
, [Dα]
∗ = −Dα˙ , σaαβ˙σbβ˙β = ηabαβ + σabαβ ,
σabαβ = − i
2
abcdσcdαβ , σ
ab
α˙β˙ = +
i
2
abcdσcdα˙β˙ , {Dα˙, Dβ} = −iσcα˙β∂c , Tα˙βc = iσcα˙β , Tαβ˙c = iσcαβ˙ ,
abcd
efgh = −4!δ[aeδbfδcgδb]h, ηab = diag(−1,+1,+1,+1) , 0123 = +1 . (4.13)
This implies the useful identities
σ[aγ˙ασ
b]
βδ˙ = −
1
2
σabαβγ˙δ˙ +
1
2σ
ab
γ˙δ˙αβ , DαDβ = −
1
2
αβD
γDγ , DαDβDγ = 0 . (4.14)
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These components transform under supersymmetry as
δA = iαχα , δχα = σ
m
α
β˙β˙∂mA+ Fα , δF = i
α˙σmα˙
β∂mχβ . (4.16)
The modified F-density rule in this case gives the action as [72]
S =
∫
M0
d4x
1
2
i
[
DαDαJ0
∣∣+Dα˙Dα˙J0∣∣]+ ∫
∂M0
d3x
[
J0
∣∣+ J0∣∣]
=
∫
M0
d4x(F + F ) +
∫
∂M0
d3x(A+ A) . (4.17)
As before, it is easy to show that the variation of this modified F-density under (4.16)
vanishes subject to a chirality condition on  such as (4.12) without the need for any
boundary conditions on J0.
For a third example, we consider the 5D case6. In 5D one can form an invariant action
by considering the linear superform Jij satisfying
J ij = J (ij) , D(iαJ
jk) = 0 , (4.21)
where i = 1, 2 is an SU(2) doublet index with respect to which the spinors are symplectic-
Majorana:
viα = −Cαβijvjβ . (4.22)
The x-space components of this superform are given by
Jij
∣∣ = Lij , i
3
DjαJij
∣∣ = ϕαi , −i
12
γaαβDiαD
j
βJij
∣∣ = Ga , −i
12
CαβDiαD
j
βJij
∣∣ = N , (4.23)
6In our discussions of rigid 5D supersymmetry, we use the conventions
ij
jk = −δik , ψiα = ijψαj , ψαj = ψiαij , CαβCβγ = −δαγ , ψαi = Cαβψβi , ψβi = ψαi Cαβ ,
ij = 
ij , 12 = 1 , Cαβ = −Cβα ,EAJA = EaJa + EαJα ,[θα]∗ = θα ,[Dα]∗ = −Dα ,
abcde
fghij = −5!δ[afδbgδchδdiδe]j , 01234 = 1 , {Dαi, Dβj} = −iγcαβij∂c , Tαβc = iγcαβij ,
{γa , γb}αβ = δαβηab , ηab = diag(−1,+1,+1,+1,+1) , γabcdeαβ = iabcdeδαβ , (4.18)
which implies the useful identities
γaαβγ
ab
γδ = 2
[
γbγ[αCβ]δ + (γ ↔ δ)
]
, γ[aαβγ
b]
γδ = −3
2
[
γab δ[α Cβγ] − (γ ↔ δ)
]
,
γcαβγ
cab
γδ = −3
4
[
γab(βγCδ)α − (α↔ β)
]
− 9
4
[
γabδ[αCβγ] + (γ ↔ δ)
]
, (4.19)
and also implies that for a Linear superfield satisfying Dα(iJjk) = 0
DkαDβkJij = iγ
a
αβ∂aJij . (4.20)
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where Ga is constrained to satisfy ∂aG
a = 0. These components transform as
δLij = 2iα(iϕj)α δϕ
αi = −1
2
γaαβ∂aL
ijβj +
1
2
γaαβiβGa +
1
2
Nαi
δGa = i
αiγabα
β∂bϕβi δN = −iαiγaαβ∂aϕβi . (4.24)
As before, the presence of a boundary partially breaks the supersymmetry. One might
think, by analogy with the 3D and 4D examples, that the breaking would imply naγ
a
α
ββi =
αi. However, this is not the case here, since imposing (4.22) along with this condition
would imply that the spinor iα vanishes identically. Instead, we impose the condition
mInaσ
I
i
jγaα
ββj = αi , (4.25)
where I = 1, 2, 3 is an SU(2) triplet index and σI i
j are the Pauli matrices, while mI is an
arbitrary constant SU(2) triplet satisfying mIm
I = 1. Combining this with (4.22) now
does not imply that iα = 0. We see from this that the introduction of the boundary has
not only broken 5D supersymmetry and Poincare´ symmetry, but it has also broken the
SU(2) symmetry by forcing us to introduce a vector mI which picks out a fixed SU(2)
direction.
With this in mind, we can find the 5D equivalent of the rigid F-density rule
S =
∫
M0
d5x
i
12
DαiDjαJij
∣∣+ ∫
∂M0
d4x
1
2
mIσ
IijJij
∣∣ ,
=
∫
M0
d5xN +
∫
∂M0
d4x
1
2
mIσ
IijLij (4.26)
for which the variation vanishes upon imposition of (4.25).
4.3 Superform Invariants without Boundaries
We next review the standard superform approach to the construction of supersymmetric
invariants ignoring boundary effects, following the discussion given in [98]. Here, we
will show that the construction of an invariant action amounts to finding a super d-form
Jd that is closed, dJd = 0, and that is nontrivial under the cohomology equivalence
Jd ∼ Jd + dλd−1.
Consider a supermanifold M with d bosonic dimensions and n fermionic dimensions.
LetM0 be the d-dimensional body ofM, without boundary: ∂M0 = 0. Let b :M→M0
be the projection of the supermanifold onto its body and let s :M0 →M be a section of
this projection. Finally, let Jd be an arbitrary super d-form onM. We can then consider
the integral of the pullback of Jd to M0,
S =
∫
s(M0)
Jd =
∫
M0
s∗Jd , (4.27)
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which will form our action. As M0 has no boundary, we find that S[Jd] = S[Jd + dλ] so
the action depends only on the de Rham cohomology class of Jd, i.e.
Jd ∼ Jd + dλd−1 . (4.28)
In order for the action to be nonzero, we require that Jd not be exact. Since we con-
sider only forms λd−1 that can be constructed from the physical fields of the theory, the
cohomology can be non-trivial even if the spacetime has trivial topology.
The condition that S is invariant under supersymmetry is equivalent to the statement
that S is independent of the choice of even submanifold s(M0) ⊂M and so is independent
of the section s chosen. To find the corresponding condition on Jd, we consider a one-
parameter family of diffeomorphisms ft : M → M. These give rise to a one-parameter
family of even submanifolds st(M0) where st = ft ◦ s. The diffeomorphism ft then
transforms S to
St =
∫
st(M0)
Jd =
∫
M0
s∗ ◦ f ∗t Jd . (4.29)
If S is independent of the section s, then it will be invariant under this diffeomorphism,
so
dSt
dt
= 0 , (4.30)
for any diffeomorphism family ft. Then, since
d(f ∗t ω)
dt
= Lvω , (4.31)
for any superform ω, where v is the vector field generating the diffeomorphism family ft,
we find that S will be independent of the section s if
0 =
dSt
dt
=
∫
M0
s∗LvJd =
∫
M0
s∗(divJd + ivdJd)
=
∫
M0
(d(s∗ivJd) + s∗ivdJd) =
∫
M0
s∗ivdJd , (4.32)
which is solved for arbitrary v if dJd = 0.
Thus we find that we can build a supersymmetric action from a super d-form Jd with
dJd = 0 but where Jd is cohomologically non-trivial under Jd ∼ Jd + dλd−1. This implies
that Jd is a representative of a class in the de Rham cohomology group H
d(M). As we
have just seen that the action is independent of the section s chosen, it is then natural to
chose s to be the section where all fermionic coordinates vanish.
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To make the discussion more specific, we now need to refine the notation. We note
that any super P -form can be written as a sum of super (p, q)-forms with p+ q = P :
ΩP =
1
P !
EAP . . . EA1ΩA1...AP =
P∑
i=0
ωP−i,i , (4.33)
where we have defined the super (p, q)-forms ωp,q as
ωp,q =
1
p!q!
Eαq . . . Eα1Eap . . . Ea1ωa1...apα1...αq . (4.34)
Letting P = d, we can write the closure condition on Jd as
∇[A1JA2...Ad+1) +
d
2
T[A1A2|
BJB|A3...Ad+1) = 0 , (4.35)
where ∇A is the covariant derivative on the supermanifold, TABC is the torsion and
[. . .) indicates graded antisymmetrization. Similarly, we find that under the cohomology
relation Jd ∼ Jd + dλd−1, Jd is equivalent to Jd + δJd where δJd is given by
δJA1...AD =
1
(d− 1)!
(∇[A1λA2...Ad) + d− 12 T[A1A2|BλB|A3...Ad)) . (4.36)
We can then split the super d-form Jd up into its super (p, q)-form parts Jp,q with p+q = d
and can consequently analyse the constraint that Jd be closed but not exact in terms of
constraints on these parts [98]. We will refer to the nonvanishing Jp,q with highest q as
the generator of Jd. This must satisfy
T(α1α2|
apJa1...ap|α3...αq+2) = 0 . (4.37)
In the case of rigid 3D N=1 supersymmetry, the only nonvanishing component of the
torsion is Tαβ
c = iγcαβ. Then (4.37) implies that the generator is of the form J1,2 ∼ γ1,2J0
where J0 is a superscalar and γ1,2 is a single gamma matrix expressed as a superform.
Separating the closure condition (4.35) into its parts of different bidegree and keeping
only terms that will be relevant in our discussions, we then find the conditions
T(αβ
cJγδ)c = 0 , ∇[aJb]αβ +∇(αJβ)ab = −1
2
Tαβ
cJabc , 3∇[aJbc]α −∇αJabc = 0 . (4.38)
We can then use these constraints to find the other parts of Jd iteratively, obtaining
Jαβγ = 0 , Jaαβ = −iγaαβJ0 ,
Jabα = abcγ
c
α
βDβJ0 , Jabc = iabcD
αDαJ0 . (4.39)
Similarly, in rigid 4D N=1 supersymmetry, the nonvanishing components of the torsion
are just (Tαβ˙
c = iσcαβ˙ , Tα˙β
c = iσcα˙β). This means that (4.37) implies that the generator
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of Jd is given by J2,2 ∼ γ2,2J0. Once again (4.35) can be split into its separate bidegree
parts. The relevant terms in this expansion then read
Tα˙(β
cJγδ)cd = 0 , ∇α˙Jαβcd = 2Tα˙(αeJβ)cde ,
2∇(αJβ)cde + 3∇[cJde]αβ = 0 , ∇α˙Jαbcd +∇αJα˙bcd = Tα˙αeJbcde ,
∇αJbcde + 4∇[bJcde]α = 0 . (4.40)
As before these can then be used iteratively to construct the closed superform Jd , which
is given by [97]
Jabαβ = 2σabαβJ0 , Jabα˙β˙ = 2σab α˙β˙J0 ,
Jabcα = abcdσ
d
αα˙D
α˙
J0 , Jabcα˙ = abcdσ
d
α˙αD
αJ0 ,
Jabcd = −iabcd1
2
(
DαDαJ0 +D
α˙
Dα˙J0
)
, Dα˙J0 = 0 , (4.41)
with all other components vanishing. The unmodified F-density rules are then obtained
by substituting these closed superforms into (4.27).
4.4 Superform Invariants with Boundaries
We now combine the ideas of Sections 4.2 and 4.3. This will allow us to arrive at a
prescription for deriving the boundary modifications to the F-density rules, resulting in a
‘susy without b.c.’ action. To do this, we again begin by considering a supermanifoldM
with d bosonic dimensions and n fermionic dimensions, a d-dimensional body M0 and a
projection to the body b : M → M0 with a section s : M0 → M . However, we now
consider M0 to have a boundary ∂M0 and a mapping c : ∂M0 →M0. As before, let Jd
be an arbitrary d-form onM but also let Id−1 be an additional arbitrary (d− 1)–form on
M. We again consider building an action by integrating overM0 but now, motivated by
the ‘susy without b.c.’ approach, we also include an additional boundary-localised part
integrated over ∂M0 :
S =
∫
M0
s∗Jd −
∫
∂M0
c∗ ◦ s∗Id−1 . (4.42)
The equivalence (4.28) now becomes modified to(
Jd
Id−1
)
∼
(
Jd + dλd−1,
Id−1 + λd−1 − dκd−2
)
. (4.43)
As before, if a nonvanishing action is to exist, one must have (Jd, Id−1) non-trivial under
this equivalence.
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Now consider the effect of a one-parameter family of superdiffeomorphisms ft :M→
M as before. As we saw in Section 4.2, we cannot expect that the action on a manifold
with boundary will be invariant under the full set of superdiffeomorphisms. Instead, it can
only be invariant under a subset of diffeomorphisms such that both single transformations
and composites of transformations preserve the bosonic normal to the boundary. This
condition restricts us to diffeomorphisms generated by a subspace of supervectors V ⊂
TM where
iv(1)n = 0 , iv(2)n = 0 , i[v(1),v(2)}n = 0 , ∀ v(1), v(2) ∈ V , (4.44)
where n = Eana is the outward-pointing bosonic unit normal form. These constraints
imply that
v(1)Av(2)BTAB
CnC = 0 . (4.45)
which we will refer to as the quadratic constraint.
Under the surviving diffeomorphisms, the transformed action is given by
St =
∫
M0
s∗ ◦ f ∗t Jd −
∫
∂M0
c∗ ◦ s∗ ◦ f ∗t Id−1 . (4.46)
Thus, the action will be supersymmetric if
0 =
dSt
dt
=
∫
M0
s∗LvJd −
∫
∂M0
c∗ ◦ s∗LvId−1 ,
=
∫
M0
s∗(divJd + ivdJd)−
∫
∂M0
c∗ ◦ s∗(divId−1 + ivdId−1) ,
=
∫
M0
(d(s∗ivJd) + s∗ivdJd)−
∫
∂M0
(d(c∗ ◦ s∗ivId−1) + c∗ ◦ s∗ivdId−1) ,
=
∫
M0
s∗ivdJd +
∫
∂M0
c∗ ◦ s∗iv(Jd − dId−1) . (4.47)
To solve this, both the first and the second term must vanish separately. The vanishing of
the first term is achieved by imposing dJd = 0 as before. This means that when boundary
effects are included, the bulk action is constructed exactly in the same way as when they
are ignored. Clearly, the vanishing of the second term places some constraints on Id−1. On
the surface, it would appear that one requires Jd = dId−1. However, this constraint forces
Jd and Id−1 to be exact under the equivalence (4.43) and so makes the action vanish. In
fact this constraint is not required as v is not a general vector but one which must satisfy
(4.44). To proceed, we now impose dJd = 0 and consider the second term in more detail:
dS
dt
=
∫
∂M0
c∗ ◦ s∗iv(Jd − dId−1) = 0 . (4.48)
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In the rigid case, this implies
n ∧
[
iv(J − dI)
]
d−1,0
= 0 . (4.49)
Then, expanding out Jd − dId−1 in terms of its super (p, q)-form parts, we find
(ivn)(J − dI)d,0 + n ∧
(
iv0,1(J − dI)d−1,1
)
= 0 . (4.50)
The first term of this vanishes upon using (4.44) and the remaining constraint is expressed
in components as
na1v
αa1...ad
(
Jαa2...ad − d∇[αIa2...ad) −
d(d− 1)
2
T[αa2|
BIB|a3...ad)
)
= 0 . (4.51)
The discussion in the local case is analogous, in which case (4.51) becomes
nm1v
αm1...mdEm2
A2 . . . Emd
Ad
(
JαA2...Ad − d∇[αIA2...Ad) −
d(d− 1)
2
T[αA2|
BIB|A3...Ad)
)
= 0 .
(4.52)
The existence and uniqueness of solutions to this equation will be discussed shortly in
Section 4.4.1. By solving (4.52) for Id−1 we can find the appropriate boundary completion
to a given bulk action, which we will demonstrate in Section 4.5 with the examples
anticipated above in Section 4.2 .
4.4.1 Relative Cohomology and the Superboundary
We now consider an alternative perspective on the above construction involving relative
cohomology, which is helpful in illuminating additional structure in the bulk + boundary
system. To do this, we recall7 that, given a d dimensional manifold A and an inclusion
ι : B → A of a d− 1 dimensional submanifold B ⊂ A, one can define
Ω∗(ι) =
∑
p
Ωp(ι) , where Ωp(ι) = Ωp(A)⊕ Ωp−1(B) , (4.53)
and where Ωp(A) is the set of p-forms on the manifold A. Then, considering (Ap, Bp−1) ∈
Ωp(ι) one can define a natural exterior derivative d(ι) : Ωp(ι)→ Ωp+1(ι) given by
d(ι)(Ap, Bp−1) = (dAp, ι∗Ap − dBp−1) . (4.54)
The relative cohomology group Hp(A,B) is then defined to be the usual quotient of the
d(ι)-closed forms in Ωp(ι) by the d(ι)-exact ones. A d(ι)-closed element (Ap, Bp−1) has
dAp = 0 , ι
∗Ap = dBp−1 , (4.55)
7For an application of relative cohomology to the problem of large gauge transformations in 2-brane
and 5-brane M-theory backgrounds, see [104].
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so Ap is closed and the pullback of Ap onto B is exact, while a d(ι)-exact element has
Ap = dCp−1 , Bp−1 = ι∗Cp−1 − dDp−2 . (4.56)
Next we can define the integral of (Ad, Bd−1) over the pair of spaces (A,B) by∫
(A,B)
(Ad, Bd−1) =
∫
A
Ad −
∫
B
Bd−1 . (4.57)
Correspondingly, we can define the relative boundary operator ∂(ι) to act on the pair
(A,B) as
∂(ι)(A,B) = (ιˆ(B)− ∂A, ∂B) , (4.58)
where ιˆ : B → ∂A such that c∂A ◦ ιˆ = ι and c∂A : ∂A → A. Using the standard version
of Stokes’ theorem, ∫
A
dAd−1 =
∫
∂A
c∗∂AAd−1 , (4.59)
one can show that the generalised Stokes’ theorem relating ∂(ι) and d(ι) is∫
(A,B)
d(ι)(Ad−1, Bd−2) = −
∫
∂(ι)(A,B)
(c∗∂AAd−1, c
∗
∂BBd−2) . (4.60)
If we now consider the case where ∂A = B and let c = c∂A = ι, ιˆ = 1l, c∂B = 0 we can
construct an integral of the form
S[(Ad, Bd−1)] =
∫
(A,∂A)
(Ad, Bd−1) . (4.61)
Then, if (Ad, Bd−1) is d(ι)-exact, one finds
S[d(ι)(Cd−1, Dd−2)] =
∫
∂(ι)(A,∂A)
(c∗Cd−1, 0) = 0 . (4.62)
Consequently, the integral (4.61) depends only on the relative cohomology class of (Ad, Bd−1):
S[(Ad, Bd−1)] = S[(Ad + dCd−1, Bd−1 + c∗Cd−1 − dDd−2)] . (4.63)
If A = M0, B = ∂M0, Ad = s∗Jd and Bd−1 = c∗ ◦ s∗Id−1, then this becomes equivalent
to (4.43).
Next we define the “superboundary”8 M˜ to be the manifold with d − 1 bosonic di-
mensions and n
2
fermionic dimensions given by the locus of the boundary ∂M0 under the
8The notion of a boundary superspace has appeared previously in the context of two-dimensional
supersymmetry in [114].
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surviving supersymmetry transformations (4.44). Then, choosing zM to be coordinates
on M and zM˜ to be coordinates on M˜, we may define the embedding matrix
EA˜
A = EA˜
M˜∂M˜z
MEM
A. (4.64)
We can then follow the standard description of one supermanifold embedded into another
one [106]. We thus impose the condition that the odd tangent space of M˜ lies within the
odd tangent space of M. This implies that the embedding matrix satisfies
Eα˜
a = 0 . (4.65)
Combining this with the defining equation for the torsion and extracting the dimension-
zero part, we obtain
Eα˜
αEβ˜
βTαβ
c = Tα˜β˜
c˜Ec˜
c , (4.66)
where Tα˜β˜
c˜ is the dimension-zero part of the torsion on M˜. Contracting the indices on
this equation with two fermionic vectors v˜α˜1 and v˜
α˜
1 defined on M˜ and with the bosonic
normal na gives
v˜α˜1 v˜
α˜
2Eα˜
αEβ˜
βTαβ
cnc = 0 , (4.67)
where we have used Ec˜
cnc = 0. This shows that the quadratic constraint (4.45) is satisfied
if
vα = v˜α˜Eα˜
α (4.68)
where v˜α˜ is any odd supervector on M˜.
Next let s˜ : ∂M0 → M˜ and c˜ : M˜ → M in such a way that we have a commuting
diagram of maps:
∂M0 M0
M˜ M
c //
s˜

s

c˜ // (4.69)
with corresponding pullbacks that satisfy s˜∗ ◦ c˜∗ = c∗ ◦ s∗. As before, we define a bulk
superform Jd on M but we now define the boundary superform I˜d−1 on M˜. The action
we consider is then given by
S =
∫
(M0,∂M0)
(s∗Jd, s˜∗I˜d−1) . (4.70)
Under an odd superdiffeomorphism, this is transformed to
St =
∫
(M0,∂M0)
(s∗ ◦ f ∗t Jd, s˜∗ ◦ f˜ ∗t I˜d−1) , (4.71)
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where ft : M→M is a one-parameter family of superdiffeomorphisms generated by vα
satisfying (4.68) and f˜t : M˜ → M˜ is a one-parameter family of superdiffeomorphisms
generated by v˜α˜. Proceeding as before, one can show that the action is supersymmetric if
0 =
dSt
dt
=
∫
(M0,∂M0)
(
s∗ivdJd, s˜∗iv˜(dI˜d−1 − c˜∗Jd)
)
, (4.72)
which implies that
dJd = 0 , c˜
∗Jd = dI˜d−1 so d(c˜)(Jd, I˜d−1) = 0 . (4.73)
We consequently find that the pair (Jd, I˜d−1) is an element of the relative cohomology
group Hd(M,M˜) and that the invariant action is the natural generalisation in the relative
cohomology framework of the case without a boundary.
Now let us return to the question of existence and uniqueness of solutions to equations
like (4.52), as promised in the introduction to Section 4.4. The constraint c˜∗Jd = dI˜d−1
in (4.73) is equivalent to (4.52) and is easier to work within the general case. From this
it follows immediately that the difference of two solutions I˜
(1)
d−1 and I˜
(2)
d−1 is closed, so the
solution for I˜d−1 is unique up to a closed form. The local existence of a solution can also
be demonstrated using a technique similar to that used in the standard proof of Poincare´’s
Lemma. One may begin by considering the local neighbourhood U of a point p0 on M˜.
Then assume that there exists a smooth map F : U × I → U , where I is the interval
between t = 0 and t = 1, such that
F (x, 0) = x , F (x, 1) = p0 (4.74)
for x ∈ U . Then, considering a superform ωp ∈ Ωp(U × I) given by
ω =
1
p!
EA˜p . . . EA˜1ω
(0)
A˜1...A˜p
(x˜m, θ˜a, t)
+
1
(p− 1)!E
A˜p−1 . . . EA˜1 dt ω
(1)
A˜1...A˜p−1
(x˜m, θ˜a, t) , (4.75)
one can define the map P : Ωp(U × I)→ Ωp−1(U) by
Pωp =
1
(p− 1)!E
A˜p−1 . . . EA˜1
(∫ 1
0
dt ω
(1)
A˜1...A˜p−1
(xm, θa, t)
)
. (4.76)
With a little algebra, one can then show that for a form I˜d−1 on the patch U satisfying
c˜∗Jd = dI˜d−1, one has
I˜d−1 = −PF ∗c˜∗Jd − Λd−1 (4.77)
where Λd−1 is some closed super (d− 1)-form.
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4.5 Examples
4.5.1 3D and 4D Ectoplasm with an Edge
As examples of the relative-cohomology construction of Section 4.4 , we now return to the
three bulk + boundary constructions discussed in a standard Nother-coupling framework
in Section 4.2. Consider first the rigid 3D case, for which the only nonvanishing component
of the torsion is Tαβ
c = iγcαβ. Accordingly, we solve the constraints (4.44) by imposing
nav
a = 0 , naγ
a
α
βvβ = vα . (4.78)
We know that J3 is given by (4.39) and so we make the ansatz that I2 is given by
Iab = −abcncJ0 , Iαb = 0 . (4.79)
Substituting this into (4.51), we find that
0 = abcncv
β(abdγ
d
β
αDαJ0 + abdn
dDβJ0) , (4.80)
which can be rearranged to give
0 = DαJ0(vα − γaαβnavβ) . (4.81)
This is then satisfied by imposing the constraint (4.78). Substituting the derived values
of Jd (4.39) and Id−1 (4.79) into (4.42), we find that the boundary-modified F-density is
given by ∫
M0
d3x iDαDαJ0
∣∣+ ∫
∂M0
d2xJ0
∣∣ . (4.82)
For the second example, consider the rigid 4D case. Here, the nonvanishing compo-
nents of the torsion are (Tαβ˙
c = iσcαβ˙ , Tα˙β
c = iσcα˙β), so we solve (4.44) by imposing
nav
a = 0 , σaα
α˙navα˙ = vα . (4.83)
Then, by considering the form of (4.51) and the superform (4.41), we make the following
ansatz for I3:
Iabc = −abcdnd(J0 + J0) , Iαbc = 0 . (4.84)
Substituting this into (4.51), we find
0 = abcdndv
α(abceσ
e
αα˙D
α˙
J0 − abceneDαJ0)
+ abcdndv
α˙(abceσ
e
α˙αD
αJ0 − abceneDα˙J0) , (4.85)
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which can be rearranged to give
0 = DαJ0(σ
e
α
α˙nevα˙ − vα) +Dα˙J0(σeα˙αnevα − vα˙) . (4.86)
As before, this is satisfied by imposing the constraint (4.83). Rewriting (4.42) using (4.41)
and (4.84), we find
S =
∫
M0
d4x
1
2
i
[
DαDαJ0
∣∣+Dα˙Dα˙J0∣∣]+ ∫
∂M0
d3x
[
J0
∣∣+ J0∣∣] . (4.87)
This reproduces the rigidly supersymmetric results of references [47] and [72]. In a similar
fashion, one can use the present method to deduce the appropriate boundary modification
to any superform action and hence obtain the corresponding ‘susy without b.c.’ superfield
action.
4.5.2 5D Ectoplasm with an Edge
To find the appropriate boundary modification to the 5D action presented in the standard
Nother-coupling context in Section 4.2, we begin by finding the relevant closed super 5-
form. The construction of this superform is different from the cases considered above as
it turns out that the closed super 5-form that we will construct is of a particular type
known as a Chern-Simons superform.
We begin the construction by considering the closed super 4-form X4. The closure
conditions on X4 can be divided into constraints of different bidegrees. The relevant
terms in these constraints then read
T(αˆβˆ
bXγˆλˆ)ab = 0 , ∇(αˆXβˆγˆ)de = T(αˆβˆfXγˆ)def ,
2∇(αˆXβˆ)cde + 3∇[cXde]αˆβˆ = TαˆβˆfXcdef , ∇αˆXbcde + 4∇[bXcde]αˆ = 0 ,
∇[aXbcde] = 0 , (4.88)
where αˆ is a bi-index: αˆ = αi. This can be solved in terms of the linear superfield J ij, by
setting
Xαiβjγkλl = 0 , Xaαiβjγk = 0 ,
Xabαiβj = −iγabαβJij , Xabcαi = −1
3
γabcα
βDjβJij ,
Xabcd = − i
12
γabcd
αβDiαD
j
βJij . (4.89)
Using Poincare´’s lemma, we can then write X4 = dQ3, where generally Q3 cannot be
expressed solely in terms of Jij and its derivatives. For example, in the case where the
action describes the kinetic terms of 5D super Yang-Mills, X4 = trF2F2, where F2,0| is the
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Yang-Mills field strength, so Jij is gauge invariant. However, Q3,0| is the Chern-Simons
3-form, which is not gauge-invariant and cannot be built solely from Jij.
We next proceed by considering the super 6-form described by W6 = C0,2X4, where
C0,2 =
1
2
EβjEαiCαβij. This can clearly be written as W6 = dZ5, where Z5 = C0,2Q3.
However, it can also be written in the exact form W6 = dK5, where K5 is gauge invariant.
To see this we decompose the constraint W6 = C0,2X4 = dK5 into its parts of separate
bidegree, in which the relevant terms read
T(αˆβˆ
dKγˆδˆ)def = C(αˆβˆXγˆδˆ)ef , ∇(αˆKβˆγˆ)def − T(αˆβˆcKγˆ)cdef = C(aˆβˆXγˆ)def ,
2∇(αˆKβˆ)cdef + 4∇[cKdef ]αˆβˆ + TαˆβˆbKbcdef = CαˆβˆXcdef , ∇αˆKbcdef − 5∇[bKcdef ]αˆ = 0 .
(4.90)
This is solved by
Kαiβjγkλlδm = 0 , Kaαiβjγkλl = 0 ,
Kabαiβjγk = 0 , Kabcαiβj = −γabc αβJij ,
Kabcdαi =
i
3
γabcdα
βDjβJij , Kabcde = −
i
12
abcdeD
αiDα
jJij . (4.91)
The possibility of writing W6 both as dZ5 and as dK5 is known as Weil triviality [113]. In
consequence of this Weil triviality, we can form a closed super 5-form from the difference:
J5 = K5 − Z5, the integral of which gives the action.9
As in the previous 3D and 4D cases, we need to solve the quadratic constraint (4.45).
Motivated by the form of (4.25), we impose the linearised constant
mInaσ
I
i
jγaα
βvβj = vαi , (4.92)
We next make an ansatz for the boundary superform given by
Iabcd =
1
2
abcden
emIσ
IijJij , Iαibcd = 0 ; (4.93)
we then find that substituting (4.91) and (4.93) into the requirement (4.51) gives
0 = abcdenev
αi(
1
3
iγabcdα
βDjβJij −
1
2
abcdfn
fmIσ
IjkDαiJjk) , (4.94)
which can be rearranged to give
0 = DαjJij(naγ
a
α
βviβ +mIσ
Ii
kv
k
α) . (4.95)
9An alternative for Z5 can be constructed in a chosen θαi frame as Z5 =
1
2θ0,1X4, where θ0,1 =
Eαiθαi. This can easily be shown to satisfy dZ5 = W6, but it does not transform as a superform under
superdiffeomorphisms owing to the explicit θ0,1 term, so will not be considered further here.
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This is indeed satisfied by imposing (4.92). We therefore find that the 5D rigid boundary
modified F-density is given by
S =
∫
M0
d5x
i
12
DαiDjαJij
∣∣+ ∫
∂M0
d4x
1
2
mIσ
IijJij
∣∣ (4.96)
which exactly reproduces the new 5D F-density result given in (4.26).
4.6 Conclusion
In this chapter, we have shown how the ectoplasm formalism for the construction of su-
persymmetric invariants via closed forms in superspace can be adapted to supersymmetric
systems on manifolds with boundaries. This leads to the understanding that, in the pres-
ence of boundaries, the closed superforms describing invariant actions must be completed
to relative-closed pairs of superforms. This establishes a correspondence between invariant
actions with boundaries and relative cohomology classes in superspace, which we view as
the main result of the chapter. These general results apply both to local and rigid versions
of supersymmetry. In Section 4.5 we presented some rigid examples of relatively closed
pairs that explicitly lead to the invariant actions with boundaries considered in Section
4.2.
An important question that we have not addressed here is whether such a formalism
can be applied to theories for which no off-shell formalism is available, such as maximal
super Yang-Mills and maximal supergravity. The ectoplasm formalism has proven useful
in characterising the properties of candidate ultraviolet counterterms in these theories
[99, 100, 101], despite the on-shell character of their supersymmetries. An intermediate
situation exists for systems formulated in harmonic superspace, involving an infinite num-
ber of auxiliary fields, such as 8-supercharge hypermultiplet models and fully supercovari-
antised 8-supercharge SYM. These have appropriate harmonic superspace formulations
in four [115] and six dimensions [116], and have been discussed ectoplasmically in [117].
The great advantage of all off-shell formalisms for theories on manifolds with boundaries
is that one can straightforwardly include extra boundary matter supermultiplets. Their
boundary actions in an off-shell formulation are separately supersymmetric, although they
may also need to be covariantised by couplings to bulk gauge and supergravity fields.10
An open question concerns the adaptation of the present boundary formalism to situa-
tions without a full off-shell supersymmetry formulation. Given the reduction in unbroken
supersymmetry on the boundary, one possibility might be to generalise the present con-
struction to cases where just the surviving supersymmetry is realised off-shell.
10The integration of additional closed boundary super-forms corresponding to such separately super-
symmetric terms was considered in [96].
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In this chapter, we have also developed the relation between the boundary theory
formulation and the superembedding formalism which has been employed in the study of
worldvolume theories of supersymmetric p-branes [105, 106, 107, 108, 109, 110]. In the
superembedding program, one implements the requirements of κ-symmetry in a natural
geometrical context by the embedding conditions, commensurate with a reduction in the
degree of unbroken supersymmetry on the brane worldvolume. In a boundary theory con-
struction, this corresponds to the reduction in unbroken supersymmetry on the boundary.
The superembedding formalism describes the natural dynamics of a brane itself, i.e. the
dynamics of the Goldstone multiplet corresponding to its broken translation symmetry,
supersymmetry and their superpartners. We have not focused attention on this Goldstone
supermultiplet but in braneworld and boundary contexts, such Goldstone supermultiplets
play key roˆles [43, 44, 118, 119], and it will be important to distinguish the dynamics of
these “Goldstone” multiplets from the other dynamics on the brane or boundary surfaces.
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Chapter 5
The Salam-Sezgin Model
5.1 Introduction
Having considered a range of constructions and reductions in which chiral theories can
be generated we will now turn to look at reductions in which chirality can be preserved.
The main example we will focus on here is the reduction to 4 dimensions of the chiral
Salam-Sezgin model [25]. This model is of particular phenomenological interest as the
reductions we will consider give rise to four-dimensional theories without a cosmological
constant even after supersymmetry breaking, thus providing a candidate solution to the
cosmological constant problem [22].
The original Salam-Sezgin model [25] consisted of six-dimensional N = 1 supergravity
coupled to one tensor and one vector multiplet and considered a dimensional reduction
to four dimensions on a sphere and monopole background arising as a solution of the
six-dimensional field equations. This work maintained that a consistent reduction of
the six-dimensional theory on such a background can lead to a chiral theory in four
dimensions. A detailed dimensional reduction on this background was later carried out
in [120], however, where it was found that, although the reduction does lead to Weyl
fermions in the reduced theory, they are not gauge coupled in a complex representation
of any gauge symmetry group and accordingly the reduced theory turns out to be non-
chiral. The question of whether one may indeed obtain a chiral four-dimensional theory
by consistent dimensional reduction in this way thus remained open and will be the main
focus of the present chapter.
The issue of consistency in Kaluza-Klein reductions relates to the degree to which a
given lower-dimensional theory retains a connection to the original higher-dimensional
theory. When one has a mathematically consistent reduction, this link is immediate,
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because solutions to the lower-dimensional theory lift precisely to solutions of the higher-
dimensional theory. Other procedures, such as simply inserting an ansatz into an action
which is then restricted to the lower spacetime dimension, produce theories that can
make sense purely as lower-dimensional theories, but with a broken link to the higher-
dimensional dynamics. One may also contemplate reductions that are not strictly consis-
tent in the Kaluza-Klein sense, but for which the higher modes are integrated out instead
of being truncated out. In the context of an inconsistent truncation, these higher mode
integrations will produce corrections to the lower-dimensional effective action. These
corrections may be of an unknown form, however, compromising the reliability of the
lower-dimensional effective action, unless they are suitably suppressed by powers of a
large mass, or, more sharply, in a consistent reduction, where they are simply absent.
The six-dimensional theory of the original Salam-Sezgin model suffers from anomalies.
However generalised constructions can be made giving anomaly-free extensions of the
Salam-Sezgin model [19, 121]. Many of these anomaly-free models can be related to
Horˇava-Witten type constructions [8] as we have shown in Chapter 2. This produces
a class of 7D/6D models with gauged R-symmetries, yielding in turn anomaly-free six-
dimensional models on the boundary of the seven-dimensional space [1].
In Section 5.2, we first outline six-dimensional N = 1 supergravity, which will be our
starting point for this discussion. Then in Section 5.3 we will demonstrate that a reduction
on the Salam-Sezgin background to a chiral theory in four dimensions is in fact possible.
This is because there is an interesting bifurcation in the reduction ansatz which means
that two different consistent sets of four-dimensional excitations of the six-dimensional
theory are possible. One of these consistent sets of excitations leads to the non-chiral
theory with SU(2) gauge group considered in [120] and the other, which we present here,
leads to a chiral theory with a massive Stueckelberg gauged U(1)R. The four-dimensional
theory that we obtain in this way preserves the original chirality of the six-dimensional
theory one began with.
The gauged U(1)R symmetry of the four-dimensional that we will obtain in Section 5.3
makes the theory chiral because the fermions transform in different representations from
their conjugates as shown in Section 1.2. However in this case the U(1)R is a Stueckelberg
symmetry with a massive gauge field. At energies lower than this mass the gauge fields
will decouple and the theory will become non chiral. This unusual situation renders the
chirality found these cases rather irrelevant from a physical point of view. In order to
obtain more physically relevant examples of chirality in the reduced theory, we consider
the coupling of additional hypermultiplets in the starting six-dimensional theory. In
Section 5.4, we analyse these couplings and carry out the corresponding reduction on the
Salam-Sezgin sphere and monopole background to give a four-dimensional theory with
genuinely chiral fermions. Finally in Section 5.5, we consider gauging the symmetries
of the six-dimensional hypermultiplet by additional vector multiplets and analyse the
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resulting symmetries in the reduced four-dimensional theory.
5.2 Six-Dimensional N = 1 Supergravity
We begin by considering the action for six-dimensional N = 1 supergravity with field
content (eˆM
A, ψˆM , Bˆ
+
MN) coupled to one tensor multiplet (Bˆ
−
MN , χˆ, φˆ) and to one vector
multiplet (AˆM , λˆ) gauging a U(1)R subgroup of the R-symmetry. Here M = 0, . . . , 5 is a
world index and A = 0, . . . , 5 is a tangent-space index. This action was also the starting
point for the original Salam-Sezgin model [25]; it is given by
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 1
12
eφˆHˆMNRHˆ
MNR − 1
4
e
1
2
φˆFˆMN Fˆ
MN − 8g2e− 12 φˆ
+ ψˆM Γˆ
MNRDˆN ψˆR + χˆΓˆ
MDˆM χˆ+ λˆΓˆ
MDˆM λˆ+
1
4
(
χˆΓˆN ΓˆM ψˆN + ψˆN Γˆ
M ΓˆN χˆ
)
∂ˆM φˆ
+
1
24
e
1
2
φˆHˆMNR
(
ψˆSΓˆ[SΓˆ
MNRΓˆT ]ψˆ
T + ψˆSΓˆ
MNRΓˆSχˆ− χˆΓˆSΓˆMNRψˆS − χˆΓˆMNRχˆ+ λˆΓˆMNRλˆ
)
− 1
4
√
2
e
1
4
φˆFˆMN
(
ψˆRΓˆ
MN ΓˆRλˆ+ λˆΓˆRΓˆMN ψˆR + χˆΓˆ
MN λˆ− λˆΓˆMN χˆ)
+ i
√
2ge−
1
4
φˆ
(
ψˆM Γˆ
M λˆ+ λˆΓˆM ψˆM − χˆλˆ+ λˆχˆ
)]
, (5.1)
where DˆM χˆ = ∂ˆM χˆ +
1
4
ωˆMABΓˆ
ABχˆ − igAˆM χˆ and similarly for derivatives acting on λˆ
and ψˆM . Here M = 0, . . . 5 is a world index raised and lowered with the metric gˆMN and
A = 0, . . . 5 is a tangent-space index raised and lowered with ηˆAB = diag(−,+, . . . ,+) .
The field strengths appearing in this action are defined by HˆMNR = 3∂ˆ[M BˆNR]+
3
2
Fˆ[MN AˆR]
and FˆMN = 2∂ˆ[M AˆN ]. We use the conventions ˆ
012345 = 1, χˆ = iχˆ†Γˆ0, [ΓˆA, ΓˆB] = 2ηAB
and RˆMN = Rˆ
R
MRN , RˆMN
AB = 2∂ˆ[M ωˆN ]
AB + 2ωˆ[M
ACωˆN ]C
B. The fermions considered
here have chiralities such that Γˆ7λˆ = λˆ, Γˆ7χˆ = −χˆ, and Γˆ7ψˆA = ψˆA where Γˆ7 = Γˆ0 . . . Γˆ5.
This action is supersymmetric under the transformations
δeˆM
A = −1
4
ˆΓˆAψˆM +
1
4
ψˆM Γˆ
Aˆ , δψˆM = DˆM ˆ+
1
48
e
1
2
φˆ HˆNPQ Γˆ
NPQ ΓˆM ˆ ,
δφˆ =
1
2
ˆχˆ+
1
2
χˆˆ , δχˆ = −1
4
(∂M φˆ Γˆ
M − 1
6
e
1
2
φˆ HˆMNP Γˆ
MNP )ˆ ,
δAˆM =
1
2
√
2
e−
1
4
φˆ(ˆΓˆM λˆ− λˆΓˆM ˆ) , δλˆ = 1
4
√
2
(e
1
4
φˆ FˆMN Γˆ
MN − 8i g e− 14 φˆ)ˆ ,
δBˆMN = Aˆ[MδAˆN ] +
1
4
e−
1
2
φˆ
(
2ˆΓˆ[M ψˆN ] + 2ψˆ[M ΓˆN ]ˆ+ ˆΓˆMN χˆ− χˆΓˆMN ˆ
)
, (5.2)
where the supersymmetry parameter ˆ satisfies Γˆ7ˆ = ˆ.
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5.3 Reduction on a Sphere and Monopole Background
5.3.1 Reduction of the Bosonic Sector
We now consider a reduction of the above action on the background originally considered
by Salam and Sezgin [25]. This reduction will be carried out at the level of the field
equations which will then be integrated to give the reduced action. In many, but not
all cases [122], consistency of a dimensional reduction scheme may be checked either by
direct verification in the field equations or by verification that insertion of the ansatz into
the action commutes with variation of the action. However, the fundamental definition
of a consistent Kaluza-Klein reduction is one in which solutions to the reduced lower-
dimensional field equations yield exact solutions to the higher-dimensional equations when
they are re-expressed via the reduction ansatz as higher-dimensional fields.
We therefore begin by varying the six-dimensional action (5.1) to find the field equa-
tions for the bosonic sector; neglecting bifermionic terms these read1.
RˆMN =
1
4
∂M φˆ∂N φˆ+
1
2
e
1
2
φˆ(FˆMRFˆN
R − 1
8
FˆRSFˆ
RS gˆMN)
+
1
4
eφˆ(HˆMRSHˆN
RS − 1
6
HˆRST Hˆ
RST gˆMN) + 2g
2e−
1
2
φˆgˆMN ,
d∗ˆdφˆ = −1
2
e
1
2
φˆ∗ˆFˆ(2) ∧ Fˆ(2) − eφˆ∗ˆHˆ(3) ∧ Hˆ(3) + 8g2e− 12 φˆ∗ˆ1 ,
d(e
1
2
φ∗ˆFˆ(2)) = eφˆ∗ˆHˆ(3) ∧ Fˆ(2) , d(eφˆ∗ˆHˆ(3)) = 0 , (5.6)
where the field strengths considered satisfy the Bianchi identities
dHˆ(3) =
1
2
Fˆ(2) ∧ Fˆ(2) , dFˆ(2) = 0 . (5.7)
1In this chapter we will adopt conventions in which an r−form ωˆ(r) is defined as
ωˆ(r) =
1
r!
ωˆA1...Ar eˆ
A1 ∧ . . . ∧ eˆAr , (5.3)
the Hodge dual of ωˆ(r) is given by
∗ˆωˆ(r) = 1
r!(d− r)! ˆA1...Ad−r
B1...Br ωˆB1...Br eˆ
A1 ∧ . . . ∧ eˆAd−r , (5.4)
and the wedge product of ωˆ(r) with the s−form ηˆ(s) is
ωˆ(r) ∧ ηˆ(s) = 1
r!s!
ωˆA1...Ar ηˆB1...Bs eˆ
A1 ∧ . . . ∧ eˆAr ∧ eˆB1 ∧ . . . eˆBs . (5.5)
These standard definitions for forms differ slightly from the standard definitions for superforms that we
have used in Chapter 4 in which additional factors of −1 are inserted so that bosonic and fermionic
superforms have similar properties.
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The Salam-Sezgin background [25] solving these equations is a product of four-dimensional
Minkowski space and a 2-sphere with a monopole on it. An ansatz for a consistent set
of four-dimensional fluctuations about this background was given in [120]. This leads,
however, to a four-dimensional theory without chirality. This motivates us to try to find
an alternative consistent ansatz leading to a chiral theory. With this in mind, and by a
process of trial and error, we find the ansatz
Fˆ(2) =
1
2g
Ω(2) − F(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(φ+ϕ)eα , eˆa = e−
1
4
(φ+ϕ)ea , (5.8)
where Ω2 = sin y
5dy5∧dy6 = 4g2abea∧eb is the volume form for the unit sphere 56 = 1 and
where the sphere’s vielbein ea has an associated curvature tensor such that Rmn = 8g
2gmn
and F(2) = dA(1). Here we have split the six-dimensional world index M into µ = 0, . . . 3
and m = 5, 6 and similarly split the tangent space index A into α = 0, . . . 3 and a = 5, 6.
This is thus an ansatz for a reduction on the same background as that in [120] but with a
different set of fields retained in the reduced theory. One major difference between these
two sets of fluctuations is that there is an extra degree of freedom here, associated with
the difference between the dilaton and the Kaluza-Klein scalar, whereas in [120] there
were additional degrees of freedom associated with the Kaluza-Klein vector resulting in
an SU(2) Yang-Mills gauging in four dimensions. It is important to note that neither this
ansatz nor the ansatz of [120] can be truncated into the other, implying that there is a
bifurcation into two different branches of consistent excitations about the Salam-Sezgin
background.
Substituting the ansatz (5.8) into the Bianchi identities (5.7) implies
dH(3) =
1
2
F(2) ∧ F(2) , dF(2) = 0 . (5.9)
We next note that
∗ˆFˆ(2) = 4ge 32 (φ+ϕ) ∗ 1− 1
8g2
e−
1
2
(φ+ϕ) ∗ F(2) ∧ Ω(2) , ∗ˆ1 = 1
8g2
e
1
2
(φ+ϕ) ∗ 1 ∧ Ω(2) ,
∗ˆHˆ(3) = 1
8g2
e−(φ+ϕ) ∗H(3) ∧ Ω(2) − 4geφ+ϕ ∗ A(1) , ∗ˆdφˆ = 1
8g2
∗ d(ϕ− φ) ∧ Ω(2) . (5.10)
We can then use these identities in the field equations of the six-dimensional bosonic fields
in order to obtain reduced field equations describing the four-dimensional fluctuations. In
this way, we find that the Hˆ(3) field equation leads to the two four-dimensional equations
d(e−2φ ∗H(3)) = 0 , d(e2ϕ ∗ A(1)) = 0 . (5.11)
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Similarly substituting the ansatz into the Fˆ(2) field equation, we find
d(eφ ∗ F(2)) = e−2φ ∗H(3) ∧ F(2) + 16g2e2ϕ ∗ A(1) , (5.12)
while substituting into the φˆ field equation gives
d ∗ dφ− d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2) ,
+ 16g2e2ϕ ∗ A(1) ∧ A(1) − 8g2eφ(1− e2ϕ) ∗ 1 . (5.13)
When considering the six-dimensional metric’s field equations we must consider equa-
tions where the indices lie in the compact and non-compact directions independently.
Considering the Rˆab field equation, we find
2
d ∗ dφ+ d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 16g2e2ϕ ∗ A(1) ∧ A(1) − 4g2eφ(2− 8eϕ + 6e2ϕ) ∗ 1 , (5.14)
where we have used Rmn = 8g
2gmn. Equations (5.13) and (5.14) can then be rearranged
to give
d ∗ dφ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2eφ(1− eϕ)2 ∗ 1 ,
d ∗ dϕ = −16g2e2ϕ ∗ A(1) ∧ A(1) + 16g2eφeϕ(1− eϕ) ∗ 1 . (5.15)
Substituting the ansatz into the Rˆαa field equation gives an identity 0 = 0, while the Rˆαβ
field equation and (5.14) together give
Rαβ =
1
2
∂αφ∂βφ+
1
2
∂αϕ∂βϕ+
1
2
e−φ(FαγFβγ − 1
4
FγδF
γδηαβ)
+
1
4
e−2φ(HαγδHβγδ − 1
3
HγδλH
γδληαβ) + 8g
2e2ϕAαAβ + 4g
2eφ(1− eϕ)2ηαβ . (5.16)
Integrating these reduced field equations, we find the bosonic part of the four-dimensional
reduced action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 1
2
e−2φ ∗H(3) ∧H(3)
− 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧ A(1) − 8g2eφ(1− eϕ)2 ∗ 1 , (5.17)
2 In deriving this we have used the lemma
Rˆαβ = e
− 12 (φ+ϕ)
[
Rαβ − 1
4
(φ+ ϕ) ηαβ − 1
4
∂α(φ+ ϕ) ∂β(φ+ ϕ)
]
,
Rˆαb = 0 , Rˆab = e
1
2 (φ+ϕ)Rab +
1
4
e−
1
2 (φ+ϕ)(φ+ ϕ) δab .
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where F(2) = dA(1), H(3) = dB(2) +
1
2
ω(3) and dω(3) = F(2) ∧ F(2) .
The 3-form field strength H(3) appearing in this action can be dualised to the gradient
of an axionic scalar. This is done in the standard way by adding a term to the action
containing a Lagrange multiplier that imposes the Bianchi identity (5.11)
L′ = −σ(dH(3) − 1
2
F(2) ∧ F(2)) . (5.18)
Varying the action with respect to H(3) then gives
H(3) = e
2φ ∗ dσ , (5.19)
and substituting this back into (5.17) gives
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 1
2
e2φ ∗ dσ ∧ dσ − 1
2
e−φ ∗ F(2) ∧ F(2)
− 8g2e2ϕ ∗ A(1) ∧ A(1) + 1
2
σF(2) ∧ F(2) − 8g2eφ(1− eϕ)2 ∗ 1 . (5.20)
5.3.2 Reduction of the Supersymmetry Transformations
In [120] it was noted that substituting the solution for the background we are considering
into the six-dimensional supersymmetry transformations implies that the six-dimensional
spinors should be expanded with respect to a background spinor η which is required to
obey (∇a− igAmonoa )η = 0, where dAmono(1) = 12gΩ(2) and σ3η = η. We chose a normalisation
for this background spinor where ηη = 1 . Here we have decomposed the six-dimensional
gamma matrices as
Γˆα = γα ⊗ σ3 , Γˆa = 1l⊗ σa , (5.21)
where σa and σ3 are the Pauli matrices. This implies,
Γˆ7 = γ5 ⊗ σ3 . (5.22)
where γ5 = iγ0 . . . γ3 . Using the background spinor, we make the following ansatz, again
obtained by a process of trial and error, for the fluctuations in the six-dimensional fermions
ψˆα = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ+ ζ)⊗ η
]
, λˆ = e−
1
8
(φ+ϕ)λ⊗ η ,
ψˆa = − 1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , χˆ = 1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ˆ = e
1
8
(φ+ϕ)⊗ η . (5.23)
The chirality properties of the six-dimensional fermions then imply the inherited four-
dimensional chiralities γ5λ = λ, γ5χ = −χ, γ5ζ = −ζ, γ5ψα = ψα, and γ5 = .
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Substituting the ansatz (5.23) and (5.8) into the supersymmetry transformations of the
six-dimensional spinors (5.2), we obtain the supersymmetry transformations for the four-
dimensional spinors appearing in the ansatz3
δψα = ∇α+ ig(1− eϕ)Aα− 1
24
e−φHβγδγαβγδ ,
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2ige
1
2
φ(eϕ − 1) ,
δζ =
1
2
√
2
∂αϕγ
α+ ig
√
2eϕAαγ
α ,
δχ =
1
2
√
2
∂αφγ
α+
1
12
√
2
e−φHαβγγαβγ . (5.24)
The gauged U(1)R present in the bosonic part of the reduced theory (5.20) is broken by a
mass term. However it is possible to form a Stueckelberg extension of the ansatz leading
to a reduced theory in which the gauged U(1)R is unbroken. To do this, we modify the
ansatz for Hˆαab to read
Hˆαab = −4ge 14 (φ+ϕ)(∂αρ+ Aα)ab , (5.25)
where we have introduced a Stueckelberg scalar ρ, while keeping the ansatz for the vector
unchanged, Aˆα = −e− 14 (φ−ϕ)Aα. Carrying this out and dualising the 3-form using (5.19),
we obtain the supersymmetry transformations of fermions in the reduced theory:
δψα = ∇α+ ig(1− eϕ)Aα− 1
4
ieφ∂ασ ,
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2ige
1
2
φ(eϕ − 1) ,
δζ =
1
2
√
2
∂αϕγ
α+ ig
√
2eϕDαργ
α ,
δχ =
1
2
√
2
∂αφγ
α+
1
2
√
2
ieφ∂ασγ
α . (5.26)
We now note that the fields of the reduced theory form the supergravity multiplet
(eµ
α, ψµ), a scalar multiplet (φ, σ, χ) and a massive Stueckelberg vector multiplet (ϕ, ρ, ζ, Aµ, λ).
Next, we examine the reduction of the supersymmetry transformations of the bosonic
fields. Considering the transformation of eˆm
a, we find the need to carry out a compen-
sating Lorentz transformation which acts as δeˆM
A = ΛAB eˆM
B, where
Λab = − 1
8
√
2
iab(χ− χ+ ζ − ζ) , (5.27)
3 We have made use of the lemmas
ωˆαβ = ωαβ +
1
4
e−
1
4 (φ+ϕ) (∂β(φ+ ϕ) eˆα − ∂α(φ+ ϕ) eˆβ) ,
ωˆαb =
1
4
e−
1
4 (φ+ϕ) ∂α(φ+ ϕ) eˆb , ωˆab = ωab .
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in order to preserve the Lorentz gauge choice made in the ansatz for eˆA. Here we have
used χ = iχ†γ0 and similarly for other four-dimensional fermions. Then the modified
transformation of eˆm
a combined with the transformation of φˆ implies
δφ = − 1
2
√
2
(χ+ χ) , δϕ = − 1
2
√
2
(ζ + ζ) . (5.28)
Similarly, the transformation of Aˆµ implies
δAµ = − 1
2
√
2
e
1
2
φ(γµλ− λγµ) . (5.29)
Finally, making an additional compensating Lorentz transformation with parameter
Λαβ =
1
8
√
2
(γαβχ− χγαβ+ γαβζ − ζγαβ) , (5.30)
in order to bring the four-dimensional supersymmetry transformations into the standard
form, we find that the variation of the vielbein in the reduced theory is given in the end
by
δeµ
α = −1
4
(γαψµ − ψµγα) . (5.31)
5.3.3 Reduction of the Fermionic Sector
We now consider the reduction of the six-dimensional fermionic field equations
ΓˆMNRDˆN ψˆR = −1
4
ΓˆN ΓˆM χˆ∂ˆN φˆ− 1
24
e
1
2
φˆHˆNRS
(
Γˆ[M ΓˆNRSΓˆ
T ]ψˆT + ΓˆNRSΓˆ
M χˆ
)
+
1
4
√
2
e
1
4
φˆFˆNRΓˆ
NRΓˆM λˆ− i
√
2ge−
1
4
φˆΓˆM λˆ ,
ΓˆMDˆM λˆ = − 1
24
e
1
2
φˆHˆMNRΓˆ
MNRλˆ+
1
4
√
2
e
1
4
φˆFˆMN
(
ΓˆRΓˆMN ψˆR − ΓˆMN χˆ
)
− i
√
2ge−
1
4
φˆ
(
ΓˆM ψˆM + χˆ
)
,
ΓˆMDˆM χˆ = −1
4
ΓˆN ΓˆM ψˆN ∂ˆM φˆ+
1
24
e
1
2
φˆHˆMNR
(
ΓˆSΓˆMNRψˆS + Γˆ
MNRχˆ
)
+
1
4
√
2
e
1
4
φˆFˆMN Γˆ
MN λˆ+ i
√
2ge−
1
4
φˆλˆ . (5.32)
As before, we obtain the field equations describing the consistent sets of fluctuations about
the background by substituting our ansatz (5.8) and (5.23) into the six-dimensional field
equations. Carrying this out for the λˆ field equation gives
γα(∇α + igAα)λ =
− 1
24
e−φHαβγγαβγλ+ igeϕAαγαλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ i
√
2ge
1
2
φ(eϕ − 1)(γαψα +√2χ) + i4ge 12φeϕζ . (5.33)
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Similarly the χˆ field equation gives
1√
2
γα(∇α + igAα)(χ− ζ) =
− 1
4
γαγβψα∂β(ϕ− φ) + 1
12
√
2
e−φHαβγ
(√
2γδγαβγψδ + γ
αβγζ + 3γαβγχ
)
− i 1√
2
geϕAα
(√
2γβγαψβ − γαχ− 3γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ
+ i
√
2ge
1
2
φ(eϕ + 1)λ . (5.34)
Substituting the ansatz into the ψˆM field equation with the free index in the α direction
gives
γαµν(∇µ + igAµ)ψν − 1
4
√
2
γβγα(ζ + χ)∂β(φ+ ϕ) =
− 1
4
√
2
γβγα(χ− ζ)∂β(ϕ− φ) + 1
4
e−φHαβγγγψβ − 1
12
√
2
e−φHβγδγβγδγαχ
− igeϕAγ
(
γαβγψβ +
√
2γγγαζ
)− 1
4
√
2
e−
1
2
φFβγγ
βγγαλ+ i
√
2ge
1
2
φ(eϕ − 1)γαλ .
(5.35)
The ψˆM field equation with the free index in the a direction gives
γµν(∇µ + igAµ)ψν + 1√
2
γµ(∇µ + igAµ)(χ+ ζ)− 1
4
∂ν(φ+ ϕ)γ
µγνψµ +
1
4
√
2
∂µ(φ+ ϕ)γ
µ(ζ + χ) =
1
4
√
2
γα∂α(ϕ− φ)(χ− ζ)− 1
12
√
2
e−φHαβγ
(√
2γαβγδψδ − γαβγχ+ γαβγζ
)
+
i√
2
geϕAα
(√
2ψα + γαχ− γαζ)− 1
4
√
2
e−
1
2
φFαβγ
αβλ− i
√
2ge
1
2
φ(eϕ + 1)λ . (5.36)
Equations (5.33) to (5.36) can then be rearranged into the field equations of the four-
dimensional fermions given by
γµνρDνψρ =
1
2
√
2
γνγµχ∂νφ+
1
2
√
2
γνγµζ∂νϕ +
1
4
e−φHµνργρψν − 1
12
√
2
e−φHρστγρστγµχ
− igeϕAρ
(
γµνρψν +
√
2γργµζ
)− 1
4
√
2
e−
1
2
φFνργ
νργµλ+ i
√
2ge
1
2
φ(eϕ − 1)γµλ ,
γµDµλ = − 1
24
e−φHµνργµνρλ+ igeϕAµγµλ− 1
4
√
2
e−
1
2
φFµν
(
γργµνψρ −
√
2γµνχ
)
+ i
√
2ge
1
2
φ(eϕ − 1)(γµψµ +√2χ) + i4ge 12φeϕζ ,
γµDµζ =
1
2
√
2
γµγνψµ∂νϕ− 1
24
e−φHµνργµνρζ + igeϕAµ(
√
2γνγµψν − 3γµζ)− i4ge 12φeϕλ ,
γµDµχ =
1
2
√
2
γµγνψµ∂νφ+
1
24
e−φHµνρ
(√
2γσγµνρψσ + 3γ
µνρχ
)
+ igeϕAµγ
µχ
− 1
4
e−
1
2
φFµνγ
µνλ− i2e 12φ(eϕ − 1)λ , (5.37)
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where Dµχ = ∂µχ+
1
4
ωµαβγ
αβχ+ igAµχ and similarly for ψµ, λ and ζ.
Note that upon moving to the Stueckelberg version of the ansatz (5.25), Aµ on the
RHS of these equations becomes modified to ∂µρ+Aµ. However the Aµ appearing in the
covariant derivative Dµ on the LHS of these equations is unmodified, so the derivative
remains U(1)R covariantised. All spinors then carry the same charge under the local
U(1)R.
Dualising Hµνρ (5.19), moving to the Stueckelberg version of the ansatz (5.25), inte-
grating these field equations and combining with the bosonic part of the action derived
in Section 5.3.1, we find the full four-dimensional action
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ
− 8g2e2ϕDµρDµρ− 1
4
e−φFµνF µν − 1
8
σµνρσFµνFρσ − 8g2eφ(1− eϕ)2
+ ψµγ
µνρDνψρ + λγ
µDµλ+ χγ
µDµχ+ ζγ
µDµζ
− 1
2
√
2
(
ψµγ
νγµχ+ χγµγνψµ
)
∂νφ− 1
2
√
2
(
ψµγ
νγµζ + ζγµγνψµ
)
∂νϕ
+
1
4
ieφ∂µσ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνχ−
√
2χγνγµψν + 3χγ
µχ− ζγµζ + λγµλ)
+ igeϕDµρ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνζ −
√
2ζγνγµψν + 3ζγ
µζ − χγµχ− λγµλ)
+
1
8
e−
1
2
φFµν
(√
2ψργ
µνγρλ+
√
2λγργµνψρ + 2χγ
µνλ− 2λγµνχ)
− ige 12φ(eϕ − 1)(√2ψµγµλ+√2λγµψµ + 2λχ− 2χλ)− i4ge 12φeϕ(λζ − ζλ)] ,
(5.38)
where Dµρ = ∂µρ+ Aµ. This is supersymmetric under
δeµ
α = −1
4
(γαψµ − ψµγα) , δψα = Dα− igeϕDαρ−
1
4
ieφ∂ασ ,
δAµ = − 1
2
√
2
e
1
2
φ(γµλ− λγµ) , δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2ige
1
2
φ(eϕ − 1)
δϕ = − 1
2
√
2
(ζ + ζ) , δζ =
1
2
√
2
∂αϕγ
α+ ig
√
2eϕDαργ
α ,
δφ = − 1
2
√
2
(χ+ χ) , δχ =
1
2
√
2
∂αφγ
α+
1
2
√
2
ieφ∂ασγ
α ,
δσ =
1
2
√
2
ie−φ(χ− χ) , δρ = 1
8
√
2g
ie−ϕ(ζ − ζ) , (5.39)
where the transformations of σ and ρ are obtained by demanding closure of the super-
symmetry algebra.
The reduced theory shown here is chiral because the Weyl fermions appearing in
the action are charged under the U(1)R symmetry. This shows that reduction of the
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Salam-Sezgin background can indeed preserve the chirality of the six-dimensional theory.
However, as the chirality in this four-dimensional theory is caused only by couplings to a
Stueckelberg-compensated gauged massive U(1)R R-symmetry, it is not very persuasive
as a physical example of chirality preservation. In order to arrive at a four-dimensional
theory with a more physical realisation of chirality we next will restart our discussion
with hypermultiplets coupled to the six-dimensional theory.
5.4 Hypermultiplet Couplings
The fermions of the six-dimensional action (5.1) that we have considered so far are six-
dimensional Weyl fermions. However, another option in six dimensions is to write the
action in terms of symplectic Majorana-Weyl fermions. This has not been done so far as
it makes manifest an Sp(1) ∼= SU(2) symmetry which is broken in the reduction to four
dimensions, and so adds an unnecessary additional level of complexity to the discussion.
However, the couplings of hypermultiplets which we will now consider are intimately
related to this Sp(1) symmetry [15, 16] and it is therefore helpful to rewrite the bulk
action that we considered before in terms of symplectic Majorana-Weyl spinors. To do
this, we define
χˆ1 = χˆ , χˆ2 = iCˆ−1ΓˆT0 χˆ
∗ . (5.40)
which implies
χˆA ≡ i(χˆA)†Γˆ0 = (χˆA)T Cˆ , (5.41)
where Cˆ is the charge conjugation matrix with CˆΓˆACˆ
−1 = −ΓˆTA, Cˆ = CˆT , A = 1, 2 is
an Sp(1) doublet index raised and lowered with the antisymmetric tensor AB = −BA,
12 = 
12 = 1, such that χA = ABχB, χB = χ
AAB and similarly for all other fermions in
the 6D theory considered so far.
The hypermultiplet fermions that we consider are not charged under the Sp(1) but
transform instead under an Sp(n) with respect to which they are symplectic Majorana
ψˆaˆ ≡ i(ψˆaˆ)†Γˆ0 = (ψˆaˆ)T Cˆ , (5.42)
where aˆ = 1, .., 2n is an Sp(n) fundamental index which is raised and lowered with the
Sp(n) invariant tensor ˆaˆbˆ = −ˆbˆaˆ, ˆaˆcˆˆcˆbˆ = −δˆaˆbˆ, ψaˆ = aˆbˆψbˆ, ψbˆ = ψaˆaˆbˆ . Here we will
use the convention
ˆaˆbˆ =
(
0 1ln
−1ln 0
)
(5.43)
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where 1ln is the (n× n) identity matrix.
The hypermultiplet scalars Lˆαˆ
aˆ and Lˆαˆ
A transform under a global left-acting Sp(n, 1)
and a local right-acting Sp(n)⊗Sp(1). This means that their physical degrees of freedom
describe the coset
Sp(n, 1)
Sp(n)⊗ Sp(1) . (5.44)
Here αˆ is an Sp(n, 1) index which is raised and lowered with the Sp(n, 1) invariant tensor
Ωˆαˆβˆ = −Ωˆβˆαˆ, ΩˆαˆγˆΩˆγˆβˆ = −δˆαˆβˆ and we use the convention
Ωˆαˆβˆ =

0 1 0 0
−1 0 0 0
0 0 0 1ln
0 0 −1ln 0
 . (5.45)
These scalars satisfy4
LˆαˆALˆαˆ
B = −δˆAB, LˆαˆaˆLˆαˆbˆ = δˆaˆbˆ ,
LˆαˆALˆαˆ
aˆ = 0 , −LˆαˆALˆβˆA + LˆαˆaˆLˆβˆ aˆ = δˆαˆβˆ . (5.46)
and
(Lˆαˆ
aˆ)∗ = −Lˆβˆ aˆηˆβˆ αˆ (LˆαˆA)∗ = −LˆβˆAηˆβˆ αˆ (5.47)
where ηˆαˆ
βˆ is the U(2n, 2) invariant tensor
ηˆαˆ
βˆ =
(
1l2 0
0 −1l2n
)
. (5.48)
From these scalars, we build the Maurer-Cartan forms
PˆMaˆ
A = LˆαˆaˆDˆM Lˆαˆ
A , QˆMA
B = LˆαˆADˆM Lˆαˆ
B , QˆMaˆ
bˆ = −LˆαˆaˆDˆM Lˆαˆbˆ , (5.49)
where5
DˆM Lˆαˆ
A = ∂ˆM Lˆαˆ
A + gAˆMTαˆ
βˆLˆβˆ
A , DˆM Lˆαˆ
aˆ = ∂ˆM Lˆαˆ
aˆ + gAˆMTαˆ
βˆLˆβˆ
aˆ . (5.50)
4The coupling of hypermultiplets to six-dimensional N = 1 supergravity was considered in [15]. How-
ever here we make use of an alternative formulation in terms of the coset representatives LˆαˆA and Lˆ
αˆ
aˆ.
This is useful as it allows us to leave general the U(1)R gauging described by the generator Tαˆ
βˆ , which
will later be constrained.
5Note that here the generators are defined such that there is no factor of i in the gauge covariantisation
terms.
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The construction of the hypermultiplet coupled action, written in terms of these coset rep-
resentatives, then proceeds as described in [123] following which the action (5.1) becomes
modified to
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 2PˆMaˆAPˆMaˆA − 1
12
eφˆHˆMNRHˆ
MNR
− 1
4
e
1
2
φˆFˆMN Fˆ
MN − 4g2CˆABCˆABe− 12 φˆ
+
1
2
ψˆ
A
M Γˆ
MNRDˆN ψˆRA +
1
2
χˆ
A
ΓˆMDˆM χˆA +
1
2
λˆ
A
ΓˆMDˆM λˆA +
1
2
ψˆaˆΓˆMDˆMψaˆ
+
1
4
χˆ
A
ΓˆN ΓˆM ψˆNA∂ˆM φˆ− ψˆ
aˆ
ΓˆN ΓˆM ψˆ
A
N PˆMaˆA
+
1
48
e
1
2
φˆHˆMNR
(
ψˆSAΓˆ[SΓˆ
MNRΓˆT ]ψˆ
T
A + 2ψˆ
A
S Γˆ
MNRΓˆSχˆA − χˆAΓˆMNRχˆA
+ λˆ
A
ΓˆMNRλˆA − ψˆaˆΓˆMNRψˆaˆ
)
− 1
4
√
2
e
1
4
φˆFˆMN
(
ψˆ
A
RΓˆ
MN ΓˆRλˆA + χˆ
A
ΓˆMN λˆA
)
− 2
√
2ge−
1
4
φˆψˆaˆλˆAξˆaˆA −
√
2ge−
1
4
φˆCˆAB
(
λˆAΓˆM ψˆ
B
M + λˆ
AχˆB
)]
, (5.51)
where
DˆM χˆ
A = ∇ˆM χˆA + QˆMABχˆB , CˆAB = LˆαˆATαˆβˆLˆβˆB ,
DˆM ψˆ
aˆ = ∇ˆM ψˆaˆ + QˆMaˆbˆψˆbˆ , ξˆaˆA = LˆαˆaˆTαˆβˆLˆβˆA . (5.52)
This action is supersymmetric under the transformations
δeˆM
A = −1
4
ˆ
A
ΓˆAψˆMA , δψˆ
A
M = DˆM ˆ
A +
1
48
e
1
2
φˆ HˆNPQ Γˆ
NPQ ΓˆM ˆ
A ,
δφˆ =
1
2
ˆ
A
χˆA , δχˆ
A = −1
4
(∂M φˆ Γˆ
M − 1
6
e
1
2
φˆ HˆMNP Γˆ
MNP )ˆA ,
δAˆM =
1
2
√
2
e−
1
4
φˆˆ
A
ΓˆM λˆA , δλˆ
A =
1
4
√
2
e
1
4
φˆ FˆMN Γˆ
MN ˆA −
√
2 g e−
1
4
φˆCˆAB ˆB ,
δLˆαˆ
aˆ = −1
4
ˆAψˆ
aˆLˆαˆ
A , δLˆαˆ
A =
1
4
ˆ
A
ψˆaˆLˆαˆ
aˆ , δψˆaˆ = ΓˆM ˆAPˆM
aˆ
A ,
δBˆMN = Aˆ[MδAˆN ] +
1
4
e−
1
2
φˆ
(
2ˆ
A
Γˆ[M ψˆN ]A + 2ψˆ
A
[M ΓˆN ]ˆA + ˆ
A
ΓˆMN χˆA − χˆAΓˆMN ˆA
)
. (5.53)
The action also has a gauged U(1)R symmetry acting on the hypermultiplets. The em-
bedding of this U(1)R within the Sp(n, 1) is described by the tensor Tαˆ
βˆ which for now
we leave general. However, we will later see that a consistent reduction is only possible
for a particular U(1)R corresponding to a particular choice of embedding tensor.
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5.4.1 Reduction of the Bosonic Sector Including Hypermulti-
plets
We shall now consider the dimensional reduction of the enlarged six-dimensional theory.
We begin as before with the bosonic field equations; neglecting bifermionic terms, these
read
RˆMN =
1
4
∂ˆM φˆ∂ˆN φˆ+ 2Pˆ
aˆA
M PˆNaˆA +
1
2
e
1
2
φˆ(FˆMRFˆN
R − 1
8
FˆRSFˆ
RS gˆMN)
+
1
4
eφˆ(HˆMRSHˆN
RS − 1
6
HˆRST Hˆ
RST gˆMN) + g
2CˆABCˆABe
− 1
2
φˆgˆMN ,
d∗ˆdφˆ = −1
2
e
1
2
φˆ∗ˆFˆ(2) ∧ Fˆ(2) − eφˆ∗ˆHˆ(3) ∧ Hˆ(3) + 4g2CˆABCˆABe− 12 φˆ∗ˆ1 ,
d(e
1
2
φˆ∗ˆFˆ(2)) = eφˆ∗ˆHˆ(3) ∧ Fˆ(2) + 4gξˆaˆA∗ˆPˆaˆA , d(eφˆ∗ˆHˆ(3)) = 0 ,
Dˆ∗ˆPˆaˆA = −4g2e− 12 φˆCˆAB ξˆaˆB , (5.54)
where the field strengths satisfy the Bianchi identities
dHˆ(3) =
1
2
Fˆ(2) ∧ Fˆ(2) , dFˆ(2) = 0 . (5.55)
We now make an ansatz for a consistent set of four-dimensional fluctuations about the
same background as before. These describe a larger set of oscillations about the Salam-
Sezgin background that can be truncated down to the ansatz (5.8). We note, however,
that our new ansatz cannot be truncated to the set of fluctuations described in [120] nor
does it seem possible consistently to extend that set of fluctuations by the addition of
hypermultiplet modes. The new ansatz, obtained by a process of trial and error, is given
by
Fˆ(2) =
1
2g
Ω(2) − F(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(ϕ+φ)eα , eˆa = e−
1
4
(ϕ+φ)ea ,
Lˆαˆ
aˆ = L˜αˆ
aˆ , Lˆαˆ
A = L˜αˆ
A , (5.56)
where the scalar functions L˜αˆ
aˆ and L˜αˆ
A depend only on the uncompactified xµ direc-
tions.They satisfy the relations
L˜αˆAL˜αˆ
B = −δˆAB, L˜αˆaˆL˜αˆbˆ = δˆaˆbˆ ,
L˜αˆAL˜αˆ
aˆ = 0 , −L˜αˆAL˜βˆA + L˜αˆaˆL˜βˆ aˆ = δˆαˆβˆ . (5.57)
and
(L˜αˆ
aˆ)∗ = −L˜βˆ aˆηˆβˆ αˆ (L˜αˆA)∗ = −L˜βˆAηˆβˆ αˆ (5.58)
125
from these we can build the Maurer-Cartan forms
P˜µaˆ
A = L˜αˆaˆDµL˜αˆ
A , Q˜µA
B = L˜αˆADµL˜αˆ
B , Q˜µaˆ
bˆ = −L˜αˆaˆDµL˜αˆbˆ , (5.59)
where
DµL˜αˆ
A = ∂µL˜αˆ
A − gAµTαˆβˆL˜βˆA , DµL˜αˆaˆ = ∂µL˜αˆaˆ − gAµTαˆβˆL˜βˆ aˆ . (5.60)
We can also form the useful scalar functions
C˜A
B = L˜αˆATαˆ
βˆL˜βˆ
B , ξ˜aˆ
A = L˜αˆaˆTαˆ
βˆL˜βˆ
A . (5.61)
In this, we have left the ansatz for the hypermultiplet scalars very general, requiring only
that they do not depend on the compactified directions. However, as we will see, requiring
that the reduction be consistent places a large number of additional constraints on the
scalar sector. Solving these constraints will require us to split the αˆ, aˆ and A indices and
will be solved later in Section 5.4.4. Equation (5.56) therefore does not represent the final
ansatz for the hypermultiplet scalars and will be further refined.
The ansatz considered implies that
∗ˆFˆ(2) = 4ge 32φ ∗ 1− 1
8g2
e−
1
2
φ ∗ F(2) ∧ Ω(2) , ∗ˆ1 = 1
8g2
e
1
2
(φ+ϕ) ∗ 1 ∧ Ω(2) ,
∗ˆHˆ(3) = 1
8g2
e−φ ∗H(3) ∧ Ω(2) − 4geφ ∗ A(1) , ∗ˆdφˆ = 1
8g2
∗ d(ϕ− φ) ∧ Ω(2) ,
∗ˆDˆLˆαˆA = 1
8g2
∗DL˜αˆA ∧ Ω(2) − geϕ+φTαˆβˆL˜βˆA ∗(2) Amono(1) ∧ ∗1 ,
∗ˆDˆLˆαˆaˆ = 1
8g2
∗DL˜αˆaˆ ∧ Ω(2) − geϕ+φTαˆβˆL˜βˆ aˆ ∗(2) Amono(1) ∧ ∗1 , (5.62)
Substituting this ansatz into the Lˆαˆ
A field equation gives
D ∗ (L˜αˆaˆDL˜αˆA) = −4g2eφC˜AB ξ˜aˆB + 8g3e(φ+ϕ)ξ˜aˆAd ∗(2) Amono(1) ∧ ∗1
+ 8g4e(φ+ϕ)(C˜ aˆbˆξ˜bˆ
A + C˜AB ξ˜aˆB) ∗(2) Amono(1) ∧ Amono(1) ∗ 1 , (5.63)
where C˜ aˆbˆ is defined analogously to C˜AB. As Amono(1) is a function of the internal space, the
reduction will only be consistent if ξ˜aˆA = 0, so that the terms containing Amono(1) vanish.
This represents the first of the constraints on the hypermultiplet ansatz and implies that
D ∗ P˜ aˆA = 0 . (5.64)
Substituting into the φˆ field equation, we find
d ∗ dφ− d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
+ 16g2e2ϕ ∗ A(1) ∧ A(1) − 4g2eφ(C˜ABC˜AB − 2e2ϕ) ∗ 1 . (5.65)
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Substituting into the Rˆab field equation implies
d ∗ dφ+ d ∗ dϕ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 16g2e2ϕ ∗ A(1) ∧ A(1) − 4g2eφ(C˜ABC˜AB − 8eϕ + 6e2ϕ) ∗ 1 , (5.66)
where we have used Rmn = 8g
2gmn. These equations can be rearranged to give
d ∗ dφ = e−2φ ∗H(3) ∧H(3) + 1
2
e−φ ∗ F(2) ∧ F(2)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 ,
d ∗ dϕ = −16g2e2ϕ ∗ A(1) ∧ A(1) + 16g2eφeϕ(1− eϕ) ∗ 1 . (5.67)
As before, the Rˆαa field equation gives just an identity 0 = 0, but now substituting the
ansatz into the Rˆαβ field equation we find
Rαβ =
1
2
∂αφ∂βφ+ 2P˜
aˆA
α P˜βaˆA +
1
2
∂αϕ∂βϕ
+
1
2
e−φ(FαγFβγ − 1
4
FγδF
γδηαβ) +
1
4
e−2φ(HαγδHβγδ − 1
3
HγδλH
γδληαβ)
+ 2g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2)ηαβ + 8g2e2ϕAαAβ . (5.68)
The Hˆ(2) and Fˆ(2) field equations along with ξ˜
aˆA = 0 together imply
d(e−2φ ∗H(3)) = 0 , d(eφ ∗ F(2)) = e−2φ ∗H(3) ∧ F(2) + 16g2e2ϕ ∗ A(1) . (5.69)
Moreover, the Bianchi identities imply that
dH(3) =
1
2
F(2) ∧ F(2) , dF(2) = 0 . (5.70)
If the value C˜ABC˜AB is not dependant on L˜αˆ
A, explaining why a potential term does not
appear in (5.64), then these reduced field equations can all be derived from an action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 2 ∗ P˜ aˆA ∧ P˜aˆA
− 1
2
e−2φ ∗H(3) ∧H(3) − 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧ A(1)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 , (5.71)
where F(2) = dA(1) and H(3) = dB(2) +
1
2
ω(3) and dω(3) = F(2) ∧ F(2). Finally, dualising H(3)
as in (5.19) gives the bosonic part of the reduced action
LB = R ∗ 1− 1
2
∗ dφ ∧ dφ− 1
2
∗ dϕ ∧ dϕ− 2 ∗ P˜ aˆA ∧ P˜aˆA + 1
2
e2φ ∗ dσ ∧ dσ
− 1
2
e−φ ∗ F(2) ∧ F(2) − 8g2e2ϕ ∗ A(1) ∧ A(1) + 1
2
σF(2) ∧ F(2)
− 4g2eφ(C˜ABC˜AB − 2 + 2(1− eϕ)2) ∗ 1 . (5.72)
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5.4.2 Reduction of the Supersymmetry Transformations Includ-
ing Hypermultiplets
The symplectic Majorana and Weyl properties of the six-dimensional fermions cannot
be carried over to the reduced theory because fermions simultaneously subject to four-
dimensional symplectic Majorana and Weyl conditions identically vanish. This means
that the Sp(1) and Sp(n) symmetries of the theory must be broken in the reduction. We
therefore make an ansatz for the fermions equivalent to (5.23), given by
ψˆ1α = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ+ ζ)⊗ η
]
, λˆ1 = e−
1
8
(φ+ϕ)λ⊗ η ,
ψˆ1a = −
1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , χˆ1 = 1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ˆ1 = e
1
8
(φ+ϕ)⊗ η . (5.73)
The ansatz for χˆ2 can then be derived from this using (5.40) and similarly for the 2
component of the other six-dimensional fermions. Here we note that since
ˆ2 = iCˆ−1Γˆ0(ˆ1)∗ , and Cˆ = C ⊗ σ2 , (5.74)
we have it that
σ3ˆ1 = ˆ1 implies σ3ˆ2 = −ˆ2 , (5.75)
and similarly the 1 and 2 components of the other six-dimensional fermions have opposite
σ3 and γ5 chiralities.
We make an ansatz for the reduction of the hypermultiplet fermions in a similar way
to that considered above. First we split the index range of aˆ into a = 1, . . . , n and
a′ = 1, . . . , n such that we write the Sp(n) symplectic invariant as
ˆaˆbˆ =
( a a′
a 0 1ln
a′ −1ln 0
)
, (5.76)
so that ˆab = ˆa′b′ = 0 and ˆab′ = −ˆb′a = iab′ where iaa′ = ia′a and iab′ib′b = δab.
We also split the αˆ index into α = 1, . . . , n + 1 and α′ = 1, . . . , n + 1 such that we
write the Sp(n, 1) symplectic invariant as
Ωˆαˆβˆ =

α = 1 α′ = 1 α ≥ 2 α′ ≥ 2
α = 1 0 1 0 0
α′ = 1 −1 0 0 0
α ≥ 2 0 0 0 −1ln
α′ ≥ 2 0 0 1ln 0
 , (5.77)
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so that Ωˆαβ = Ωˆα′β′ = 0 and Ωˆαβ′ = −Ωˆβ′α = iαβ′ where iαα′ = iα′α and iαβ′iβ
′β = δα
β .
Corresponding to this, the U(2n, 2) invariant is split as
ηˆαˆ
βˆ =

α = 1 α′ = 1 α ≥ 2 α′ ≥ 2
α = 1 1 0 0 0
α′ = 1 0 1 0 0
α ≥ 2 0 0 −1ln 0
α′ ≥ 2 0 0 0 −1ln
 , (5.78)
so that ηˆα
β′ = ηˆβ′
α = 0, ηˆα
β = ηα
β and ηˆα′
β′ = ηα′
β′ where
ηα
β =
(
1 0
0 −1ln
)
. (5.79)
Using this index splitting we then make the ansatz
ψˆa = e−
1
8
(φ+ϕ)ψa ⊗ η , (5.80)
and note that since Γˆ7ψˆ
a = −ψˆa , one finds γ5ψa = −ψa .
The four-dimensional fermions ψa describe 2n additional fermionic degrees of freedom
arising from the six-dimensional hypermultiplets. This means that there cannot be a full
set of 4n bosonic degrees of freedom in the reduced theory arising from the hypermultiplets
as would appear if one turned on the full set of hypermultiplet scalars in (5.56). It is for
this reason that upon reduction we find the emergence of a large number of constraints
on the hypermultiplet geometry emerge.
Now consider the λˆ1 transformation
δλˆ1 =
1
4
√
2
e
1
4
φˆ Fˆab Γˆ
abˆ1 +
1
4
√
2
e
1
4
φˆ Fˆαβ Γˆ
αβ ˆ1
−
√
2 g e−
1
4
φˆCˆ12ˆ1 +
√
2g e−
1
4
φˆCˆ11ˆ2 . (5.81)
Imposing the ansatz σ3λˆ1 = λˆ1, σ3ˆ1 = ˆ1 and σ3ˆ2 = −ˆ2 shows that the last term
of (5.81) must be zero and so we find another constraint on the four-dimensional scalar
geometry, C˜11 = 0 , as well as finding the resulting transformation of the four-dimensional
spinor
δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2ige
1
2
φeϕ −
√
2gC˜12eφ . (5.82)
A similar consideration of the λˆ2 transformation shows that C˜22 = 0. Considering the
transformation of ψˆa we find
δψˆa = Γˆαˆ1Pˆα
a2 − Γˆαˆ2Pˆαa1 . (5.83)
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Using the same argument as above, we find P˜µ
a1 = 0 and so
δψa = γαP˜α
a2 . (5.84)
Similarly, the transformation of ψˆa
′
also implies P˜µ
a′2 = 0. From the ψˆα transformation,
we find the constraints Q˜µ
11 = Q˜µ
22 = 0 and the transformation,
δψα = ∇α− Q˜α12− igeϕDαρ− 1
4
ieφ∂ασ . (5.85)
Considering the transformation of ψˆ1a we find that in order to have Daˆ
1 = 0 given that
(∇a− igAmonoa )η = 0, this implies C˜11 = −i. Similarly considering the variation of ψˆ2a, we
find that (C˜22)
∗ = −i .
Examining the transformations of L˜αˆ
A and L˜αˆ
aˆ we then find
δL˜α
1 =
1
4
ψaL˜α
a , δL˜α
2 = −1
4
ψaL˜αa ,
δL˜α′
1 =
1
4
ψaL˜α′
a , δL˜α′
2 = −1
4
ψaL˜α′a ,
δL˜α
a =
1
4
ψaL˜α
1 , δL˜α
a′ =
1
4
ia
′aψaL˜α
2 ,
δL˜α′
a =
1
4
ψaL˜α′
1 , δL˜α′
a′ =
1
4
ia
′aψaL˜α′
2 , (5.86)
where ψa = i(ψ
a)†γ0 and we have used ηTσ2η = 0. The transformations of the other fields
remain unaffected:
δeµ
α = −1
4
(γαψµ − ψµγα), δAµ = −
1
2
√
2
e
1
2
φ(γµλ− λγµ) ,
δϕ = − 1
2
√
2
(ζ + ζ) , δζ =
1
2
√
2
∂αϕγ
α+ ig
√
2eϕDαργ
α ,
δφ = − 1
2
√
2
(χ+ χ) , δχ =
1
2
√
2
∂αφγ
α+
1
2
√
2
ieφ∂ασγ
α ,
δσ =
1
2
√
2
ie−φ(χ− χ) , δρ = 1
8
√
2g
ie−ϕ(ζ − ζ) .
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5.4.3 Reduction of the Fermionic Sector Including Hypermulti-
plets
The reduction of the fermionic equations of motion proceeds much as before. We begin
by considering the six-dimensional fermionic field equations
ΓˆMNRDˆN ψˆ
A
R = −
1
4
ΓˆN ΓˆM χˆA∂ˆN φˆ− ΓˆN ΓˆM ψˆaˆPˆNaˆA
− 1
24
e
1
2
φˆHˆNRS
(
Γˆ[M ΓˆNRSΓˆ
T ]ψˆ
A
T + ΓˆNRSΓˆ
M χˆA
)
+
1
4
√
2
e
1
4
φˆFˆNRΓˆ
NRΓˆM λˆA +
√
2ge−
1
4
φˆCˆABΓˆ
M λˆB ,
ΓˆMDˆM λˆ
A = − 1
24
e
1
2
φˆHˆMNRΓˆ
MNRλˆA +
1
4
√
2
e
1
4
φˆFˆMN
(
ΓˆRΓˆMN ψˆ
A
R − ΓˆMN χˆA
)
− 2
√
2ge−
1
4
φˆψˆaˆξˆaˆ
A +
√
2ge−
1
4
φˆCˆAB
(
ΓˆM ψˆ
B
M + χˆ
B
)
,
ΓˆMDˆM χˆ
A = −1
4
ΓˆN ΓˆM ψˆ
A
N ∂ˆM φˆ+
1
24
e
1
2
φˆHˆMNR
(
ΓˆSΓˆMNRψˆ
A
S + Γˆ
MNRχˆA
)
+
1
4
√
2
e
1
4
φˆFˆMN Γˆ
MN λˆA −
√
2gCˆABe
− 1
4
φˆλˆB ,
ΓˆMDˆM ψˆ
aˆ = ΓˆN ΓˆM ψˆ
A
N PˆM
aˆ
A +
1
24
e
1
2
φˆHˆMNRΓˆ
MNRψˆaˆ + 2
√
2ge−
1
4
φˆλˆAξˆaˆA . (5.87)
Then substituting the ansatz and constraints into the λˆ field equation gives
γα(∇α + Q˜α11)λ =
− 1
24
e−φHαβγγαβγλ+ igeϕAαγαλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ ige
1
2
φ(eϕ − 1)(√2γαψα + 2χ) + i4ge 12φeϕζ . (5.88)
Considering the ψˆa field equation, we find
γα(∇αψa + Q˜αabψb) = −γαγβψαP˜βa2 + 1
24
e−φHαβγγαβγψa − igeϕAαγαψa , (5.89)
but for consistency we are also forced to require that
Q˜α
a
b′ = C˜
a
b′ = 0 and Γ
a(∇aψˆa − gAmonoa C˜abψˆb) = 0 , (5.90)
which implies C˜a
b = iδa
b. Similarly the ψˆa
′
field equation implies that (C˜a′
b′)∗ = iδa′b
′
.
Substituting the ansatz into the χˆ field equation implies
1√
2
γα(∇α + Q˜α11)(χ− ζ) =
− 1
4
γαγβψα∂β(ϕ− φ) + 1
24
e−φHαβγ
(
γδγαβγψδ +
1√
2
γαβγζ + 3
1√
2
γαβγχ
)
− igeϕAα
(
γβγαψβ − 1√
2
γαχ− 3 1√
2
γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ
+ i
√
2ge
1
2
φ(eϕ + 1)λ . (5.91)
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As before, we must consider the ψˆM field equations with the free index pointing in the
compact and noncompact directions separately. When the free index is in the α direction,
this implies
γαµν(∇µ + Q˜µ11)ψν − 1
4
√
2
γβγα(ζ + χ)∂β(φ+ ϕ) =
− 1
4
√
2
γβγα(χ− ζ)∂β(ϕ− φ)− γβγαψaP˜βa2 + 1
4
e−φHαβγγγψβ − 1
12
√
2
e−φHβγδγβγδγαχ
− igeϕAγ
(
γαβγψβ +
√
2γγγαζ
)− 1
4
√
2
e−
1
2
φFβγγ
βγγαλ+ i
√
2ge
1
2
φ(eϕ − 1)γαλ ,
(5.92)
while the ψˆM field equation with the free index in the a direction gives
γµν(∇µ + Q˜µ11)ψν + 1√
2
γµ(∇µ + Q˜µ11)(χ+ ζ)
−1
4
∂ν(φ+ ϕ)γ
µγνψµ +
1
4
√
2
∂µ(φ+ ϕ)γ
µ(ζ + χ) =
1
4
√
2
γα∂α(ϕ− φ)(χ− ζ) + γαψaP˜αa2 − 1
24
e−φHαβγ
(
γαβγδψδ − 1√
2
γαβγχ+
1√
2
γαβγζ
)
+ igeϕAα
(
ψα +
1√
2
γαχ− 1√
2
γαζ
)− 1
4
√
2
e−
1
2
φFαβγ
αβλ− i
√
2ge
1
2
φ(eϕ + 1)λ .
(5.93)
5.4.4 Solution of the Hypermultiplet Constraints
In carrying out this reduction, we have found a large number of constraints on the hyper-
multiplet scalars. These read
P˜µ
a′2 = 0 , P˜µ
a1 = 0 , ξ˜aˆA = 0 ,
Q˜µ
11 = 0 , Q˜µ
22 = 0 , Q˜µ
a
b′ = 0 , Q˜µ
a′
b = 0 ,
C˜11 = 0 , C˜22 = 0 , C˜11 = −i , C˜22 = i ,
C˜ab′ = 0 , C˜
a′
b = 0 , C˜a
b = iδa
b , C˜a′
b′ = −iδa′b′ . (5.94)
Using the identity (5.46), we can rearrange the C˜ and ξ˜ constraints to give
Tαˆ
βˆL˜βˆ1 = −iL˜αˆ1 , TαˆβˆL˜βˆ2 = iL˜αˆ2 ,
Tαˆ
βˆL˜βˆa = −iL˜αˆa , TαˆβˆL˜βˆa′ = iL˜αˆa′ . (5.95)
Clearly, one solution is to have all the hypermultiplet fluctuations vanish, in which case
we revert to the case studied before. However if we wish to consider a reduction where
some hypermultiplet fluctuations are turned on, then we require also that the conditions
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P˜µ
a′1 6= 0 and P˜µa2 6= 0 be satisfied. Expanding out the constraints on P˜µaˆA and using
the constraint ξ˜aˆA = 0 then gives
P˜µa1 = i
αα′(L˜α′1∂µL˜αa − L˜α1∂µL˜α′a) = 0 but P˜µa2 = iαα′(L˜α′2∂µL˜αa − L˜α2∂µL˜α′a) 6= 0 ,
P˜µa′1 = i
αα′(L˜α′1∂µL˜αa′ − L˜α1∂µL˜α′a′) = 0 but P˜µa′2 = iαα′(L˜α′2∂µL˜αa′ − L˜α2∂µL˜α′a′) 6= 0 .
(5.96)
Keeping in mind that the hypermultiplet scalars must also solve (5.46), the constraints
(5.96) are solved by either
L˜αa , L˜α1 , L˜α′a′ , L˜α′2 6= 0 and L˜α′a , L˜α′1 , L˜αa′ , L˜α2 = 0 (5.97)
or
L˜α′a , L˜α′1 , L˜αa′ , L˜α2 6= 0 and L˜αa , L˜α1 , L˜α′a′ , L˜α′2 = 0 . (5.98)
Either choice is equivalent and here we chose the former. Then, substituting into (5.95),
we find
Tα
βL˜β1 = −iL˜α1 , Tα′β′L˜β′2 = iL˜α′2 ,
Tα
βL˜βa = −iL˜αa , Tα′β′L˜β′a′ = iL˜α′a′ , (5.99)
which is solved by
Tα
β = −iδαβ , Tα′β′ = iδα′β′ . (5.100)
This fixes the embedding of U(1)R in Sp(n, 1) which was left general in the six-dimensional
theory as mentioned in Section 5.4.1 and solves the full set of hypermultiplet constraints.
As we now know which of the six-dimensional hypermultiplet scalars must vanish and
which can remain, we now refine our ansatz to
L˜αa = Lαa , L˜
αa = L
βa
,
L˜α1 = Lα , L˜
α1 = L
β
,
L˜α′a = L˜
α′a = L˜α′1 = L˜
α′1 = 0 . (5.101)
These four-dimensional scalars then satisfy
L
α
Lα = 1 , L
αb
Lβa = −δab ,
LαL
β − LαaLβa = δαβ , LαηαβLβa = 0 , (5.102)
and
(Lαa)
∗ = L
βa
ηβ
α (Lα)
∗ = L
β
ηβ
α (5.103)
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which implies that the surviving hypermultiplet scalars describe the coset
SU(n, 1)
SU(n)⊗ U(1) , (5.104)
the dimension of which is 2n. This agrees with the 2n fermionic degrees of freedom
described by ψa . We can then use these scalars to define the four-dimensional Maurer-
Cartan forms that will appear in the four-dimensional action
Qµ = L
α
∂µLα , Qµ
a
b = −Lαa∂µLαb ,
Pµa = L
α
∂µLαa , P µ
a = Lα∂µL
αa
. (5.105)
5.4.5 The Reduced Hypermultiplet Coupled Action
Substituting the modified ansatz (5.101) into the reduced field equations and rearranging
gives
γµνρDνψρ =
1
2
√
2
γνγµχ∂νφ+
1
2
√
2
γνγµζ∂νϕ− γνγµψaPνa
+
1
4
e−φHµνργρψν − 1
12
√
2
e−φHρστγρστγµχ
− igeϕAρ
(
γµνρψν +
√
2γργµζ
)− 1
4
√
2
e−
1
2
φFρσγ
ρσγµλ+ i
√
2ge
1
2
φ(eϕ − 1)γµλ ,
γαDαλ = − 1
24
e−φHαβγγαβγλ+ igeϕAαγαλ− 1
4
√
2
e−
1
2
φFαβ
(
γγγαβψγ −
√
2γαβχ
)
+ ige
1
2
φ(eϕ − 1)(√2γαψα + 2χ) + i4ge 12φeϕζ ,
γµDµζ =
1
2
√
2
γµγνψµ∂νϕ− 1
24
e−φHµνργµνρζ + igeϕAµ(
√
2γνγµψν − 3γµζ)− i4ge 12φeϕλ ,
γµDµχ =
1
2
√
2
γµγνψµ∂νφ+
1
24
e−φHµνρ
(√
2γσγµνρψσ + 3γ
µνρχ
)
+ igeϕAµγ
µχ
− 1
4
e−
1
2
φFµνγ
µνλ− i2e 12φ(eϕ − 1) ,
γαDαψ
a = −γαγβψαP βa + 1
24
e−φHαβγγαβγψa − igeϕAαγαψa , (5.106)
where
Dµχ = ∇µχ+ igAµχ+Qµχ , (5.107)
and similarly for all spinors except ψa for which
Dµψ
a = ∇µψa + igAµψa +Qµabψb . (5.108)
134
Integrating these field equations and combining with the bosonic part of the action as
derived in Section 5.4.1, we find that the full reduced hypermultiplet-coupled action is
given by
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ − 8g2e2ϕDµρDµρ− 4PµaP µa
− 1
4
e−φFµνF µν − 1
8
σµνρσFµνFρσ − 4eφg2(1− eϕ)2
+ ψµγ
µνρDνψρ + λγ
µDµλ+ χγ
µDµχ+ ζγ
µDµζ + ψaγ
µDµψ
a
− 1
2
√
2
(
ψµγ
νγµχ+ χγµγνψµ
)
∂νφ− 1
2
√
2
(
ψµγ
νγµζ + ζγµγνψµ
)
∂νϕ
+
(
ψµγ
νγµψaPνa + ψaγ
µγνψµP ν
a
)
+
1
4
ieφ∂µσ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνχ−
√
2χγνγµψν + 3χγ
µχ− ζγµζ + λγµλ+ ψaγµψa
)
+ igeϕDµρ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνζ −
√
2ζγνγµψν + 3ζγ
µζ − χγµχ− λγµλ+ ψaγµψa
)
+
1
8
e−
1
2
φFµν
(√
2ψργ
µνγρλ+
√
2λγργµνψρ + 2χγ
µνλ− 2λγµνχ)
− ige 12φ(eϕ − 1)(√2ψµγµλ+√2λγµψµ + 2λχ− 2χλ)− i4ge 12φeϕ(λζ − ζλ)] ,
(5.109)
which is supersymmetric under the transformations
δeµ
α = −1
4
(γαψµ − ψµγα) , δψα = Dα− igeϕDαρ−
1
4
ieφ∂ασ ,
δAµ = − 1
2
√
2
e
1
2
φ(γµλ− λγµ) , δλ = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2ige
1
2
φ(eϕ − 1) ,
δϕ = − 1
2
√
2
(ζ + ζ) , δζ =
1
2
√
2
∂αϕγ
α+ ig
√
2eϕDαργ
α ,
δφ = − 1
2
√
2
(χ+ χ), δχ =
1
2
√
2
∂αφγ
α+
1
2
√
2
ieφ∂ασγ
α ,
δσ =
1
2
√
2
ie−φ(χ− χ) , δρ = 1
8
√
2g
ie−ϕ(ζ − ζ) ,
δLα =
1
4
ψaLαa , δLαa =
1
4
ψaLα ,
δL
α
=
1
4
ψaL
αa
, δL
αa
=
1
4
ψaL
α
,
δψa = γαPα
a . (5.110)
The spinors ψa appearing in this action are chiral fermions charged under a complex
representation of SU(n), giving a genuinely chiral theory in four dimensions.
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5.5 Gauging Hypermultiplet Symmetries
A further extension of the six-dimensional model is also possible in which additional
symmetries of the hypermultiplets are gauged. To do this, we introduce the additional
six-dimensional vector multiplet (AˆIM , λˆ
I) such that the action becomes
S =
∫
d6xeˆ
[
Rˆ− 1
4
∂ˆM φˆ∂ˆ
M φˆ− 2PˆMaˆAPˆMaˆA − 1
12
eφˆHˆMNRHˆ
MNR
− 1
4
e
1
2
φˆFˆMN Fˆ
MN − 1
4
e
1
2
φˆFˆIMN Fˆ
IMN − 4g2CˆABCˆABe− 12 φˆ − 4g˜2CˆIABCˆIABe− 12 φˆ
+
1
2
ψˆ
A
M Γˆ
MNRDˆN ψˆRA +
1
2
χˆ
A
ΓˆMDˆM χˆA +
1
2
λˆ
A
ΓˆMDˆM λˆA +
1
2
λˆ
IA
ΓˆMDˆM λˆIA +
1
2
ψˆaˆΓˆMDˆMψaˆ
+
1
4
χˆ
A
ΓˆN ΓˆM ψˆNA∂ˆM φˆ− ψˆ
aˆ
ΓˆN ΓˆM ψˆ
A
NPMaˆA
+
1
48
e
1
2
φˆHˆMNR
(
ψˆSAΓˆ[SΓˆ
MNRΓˆT ]ψˆ
T
A + 2ψˆ
A
S Γˆ
MNRΓˆSχˆA − χˆAΓˆMNRχˆA
+ λˆ
A
ΓˆMNRλˆA + λˆ
IA
ΓˆMNRλˆIA − ψˆaˆΓMNRψˆaˆ
)
− 1
4
√
2
e
1
4
φˆFˆMN
(
ψˆ
A
RΓˆ
MN ΓˆRλˆA + χˆ
A
ΓˆMN λˆA
)− 1
4
√
2
e
1
4
φˆFˆ IMN
(
ψˆ
A
RΓˆ
MN ΓˆRλˆIA + χˆ
A
ΓˆMN λˆIA
)
− 2
√
2ge−
1
4
φˆψˆaˆλˆAξˆaˆA −
√
2ge−
1
4
φˆCˆAB
(
λˆAΓˆM ψˆ
B
M + λˆ
AχˆB
)
− 2
√
2g˜e−
1
4
φˆψˆaˆλˆIAξˆIaˆA −
√
2g˜e−
1
4
φˆCˆIAB
(
λˆIAΓˆM ψˆ
B
M + λˆ
IAχˆB
)]
, (5.111)
where now
HˆMNR = 3∂ˆ[M BˆNR] +
3
2
Fˆ[MN AˆR] +
3
2
ΩˆMNR ,
ΩˆMNR = Fˆ
I
[MN AˆR]I −
1
3
fIJKAˆ
I
[M Aˆ
J
N Aˆ
K
R] ,
DˆM Lˆαˆ
A = ∂ˆM Lˆαˆ
A + gAˆMTαˆ
βˆLˆβˆ
A + g˜AˆIMT
I
αˆ
βˆLˆβˆ
A ,
DˆM Lˆαˆ
aˆ = ∂ˆM Lˆαˆ
aˆ + gAˆMTαˆ
βˆLˆβˆ
aˆ + g˜AˆIMT
I
αˆ
βˆLˆβˆ
aˆ ,
ξˆIaˆ
A = LˆαˆaˆTIαˆ
βˆLˆβˆ
A , CˆIA
B = LˆαˆATIαˆ
βˆLˆβˆ
B , (5.112)
with all other definitions unchanged. The additional fields transform under supersymme-
try as
δAˆIM =
1
2
√
2
e−
1
4
φˆˆ
A
ΓˆM λˆ
I
A , δλˆ
IA =
1
4
√
2
e
1
4
φˆ Fˆ IMN Γˆ
MN ˆA −
√
2 g˜ e−
1
4
φˆCˆIAB ˆB . (5.113)
and the transformation of BMN is modified to
δBˆMN = Aˆ[MδAˆN ] + Aˆ
I
[MδAˆN ]I +
1
4
e−
1
2
φˆ
(
2ˆ
A
Γˆ[M ψˆN ]A + 2ψˆ
A
[M ΓˆN ]ˆA + ˆ
A
ΓˆMN χˆA − χˆAΓˆMN ˆA
)
.
(5.114)
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The supersymmetry transformations of all other six-dimensional fields remain as shown
in (5.53). As before, we carry out the reduction by making the bosonic ansatz
Fˆ(2) =
1
2g
Ω(2) − F(2) , Fˆ I(2) = −F I(2) ,
Hˆ(3) = H(3) − 1
2g
A(1) ∧ Ω(2) , φˆ = ϕ− φ ,
eˆα = e
1
4
(ϕ+φ)eα , eˆa = e−
1
4
(ϕ+φ)ea ,
Lˆαa = Lαa , Lˆ
αa = L
αa
,
Lˆα1 = Lα , Lˆ
α1 = L
α
,
Lˆα′a = Lˆ
α′a = Lˆα′1 = Lˆ
α′1 = 0 , (5.115)
and the fermionic ansatz
ψˆ1α = e
− 1
8
(φ+ϕ)
[
ψα ⊗ η + 1
2
√
2
γα(χ+ ζ)⊗ η
]
, χˆ1 =
1√
2
e−
1
8
(φ+ϕ)(χ− ζ)⊗ η ,
ψˆ1a = −
1
2
√
2
e−
1
8
(φ+ϕ)(χ+ ζ)⊗ σaη , ψˆa = e− 18 (φ+ϕ)ψa ⊗ η ,
λˆ1 = e−
1
8
(φ+ϕ)λ⊗ η , λˆI1 = e− 18 (φ+ϕ)λ⊗ η ,
ˆ1 = e
1
8
(φ+ϕ)⊗ η . (5.116)
The reduction then proceeds exactly as described in Section 5.4 except that upon con-
sidering the ψˆ1α supersymmetry transformation and the ψˆ
a field equation, we find the
additional constraints
AˆµICˆ
I1
2 = AˆµICˆ
I2
1 = AˆµICˆ
Ia
a′ = AˆµICˆ
Ia′
a = 0 . (5.117)
Using our ansatz (5.101), we find that these constraints are solved by
AˆµIT
I
α
β′ = AˆµIT
I
α′
β = 0 , (5.118)
which means that the reduction breaks the six-dimensional gauging of some subgroup of
Sp(n, 1) to the part of that subgroup that lies within SU(n, 1).
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The reduced field equations found in this way can be integrated to give the action
S =
∫
d4xe
[
R− 1
2
∂µφ∂
µφ− 1
2
∂µϕ∂
µϕ− 1
2
e2φ∂µσ∂
µσ − 8g2e2ϕDµρDµρ− 4PµaP µa
− 1
4
e−φFµνF µν − 1
8
σµνρσFµνFρσ − 1
4
e−φF IµνF
µν
I −
1
8
σµνρσF IµνFρσI + 8e
φg˜2CICI − 4eφg2(1− eϕ)2
+ ψµγ
µνρDνψρ + λγ
µDµλ+ λ
I
γµDµλI + χγ
µDµχ+ ζγ
µDµζ + ψaγ
µDµψ
a
− 1
2
√
2
(
ψµγ
νγµχ+ χγµγνψµ
)
∂νφ− 1
2
√
2
(
ψµγ
νγµζ + ζγµγνψµ
)
∂νϕ
+
(
ψµγ
νγµψaPνa + ψaγ
µγνψµP ν
a
)
+
1
4
ieφ∂µσ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνχ−
√
2χγνγµψν + 3χγ
µχ− ζγµζ + λγµλ+ λIγµλI + ψaγµψa
)
+ igeϕDµρ
(
ψνγ
µνρψρ +
√
2ψνγ
µγνζ −
√
2ζγνγµψν + 3ζγ
µζ − χγµχ− λγµλ− λIγµλI + ψaγµψa
)
+
1
8
e−
1
2
φFµν
(√
2ψργ
µνγρλ+
√
2λγργµνψρ + 2χγ
µνλ− 2λγµνχ)
+
1
8
e−
1
2
φF Iµν
(√
2ψργ
µνγρλI +
√
2λIγ
ργµνψρ + 2χγ
µνλI − 2λIγµνχ
)
− ige 12φ(eϕ − 1)(√2ψµγµλ+√2λγµψµ + 2λχ− 2χλ)− i4ge 12φeϕ(λζ − ζλ)
−
√
2g˜e
1
2
φ(λ
I
ψaξIa + ψaλ
IξI
a)− g˜e 12φCI
(√
2λ
I
γµψµ + ψµγ
µλI + 2λ
I
χ− 2χλI)] ,
(5.119)
where
Qµ = L
α
DµLα , Qµ
a
b = −LαaDµLαb ,
Pµa = L
α
DµLαa , P µ
a = LαDµL
αa
,
DµLα = ∂µLα − g˜AIµTIαβLβ , DµLα = ∂µLα + g˜AIµTIβαLβ ,
DµLαa = ∂µLαa − g˜AIµTIαβLβa , DµLαa = ∂µLαa + g˜AIµTIβαLβa ,
ξIa = L
α
T Iα
βLβa , ξ
Ia
= LαT
I
β
αLβb ,
CI = L
α
T Iα
βLβ . (5.120)
The action (5.119) is supersymmetric under the transformations (5.110) supplemented by
δAIµ = −
1
2
√
2
e
1
2
φ(γµλ
I − λIγµ) , δλI = − 1
4
√
2
e−
1
2
φFαβγ
αβ+
√
2g˜e
1
2
φCI . (5.121)
5.5.1 A Reduction Example
As an example of a reduction of this sort we consider starting with six-dimensional N =
1 supergravity coupled to 28 hypermultiplets, for which the scalars describe the coset
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Sp(28, 1)/(Sp(28)⊗ Sp(1)), and one vector multiplet gauging the U(1)R R-symmetry as
described in Section 5.4. The coset representatives then have a rigid left-acting Sp(28, 1)
and local right-acting Sp(28) ⊗ Sp(1). The rigid left-acting Sp(28, 1) has an Sp(28)
subgroup and we chose to introduce 133 vector multiplets in order to gauge an E7 subgroup
of this Sp(28) such that the irreducible 56 of Sp(28) remains an irreducible 56 under E7.
This gives an action of the form (5.111). We can then carry out the consistent reduction
to four dimensions on a sphere and monopole background using the ansatz (5.115) and
(5.116).
As described in Section 5.4.4, it is only consistent to keep fluctuations in the hyper-
multiplet scalars that describe a coset SU(28, 1)/(SU(28) ⊗ U(1)) and, as described in
(5.118), the gauged E7 symmetry is broken to the part that lies in SU(28, 1). This means
that the surviving massless gauge symmetry will be the part of E7 within Sp(28) (such
that the 56 of Sp(28) is the 56 of E7) that is also in the SU(28) within Sp(28) (such that
the 56 of Sp(28) is the 28 + 28 of SU(28) ).
To find the group describing this surviving gauge symmetry, we consider the 133
(56× 56) matrix generators of E7 within Sp(28) whose construction is described in [124].
We then restrict these generators to linear combinations such that the (28 × 28) off-
diagonal blocks have only vanishing entries, so that (5.118) will be satisfied. This leaves
63 linear combinations which we can split into 63 (56× 56) matrix generators T I′ of the
surviving gauge group, which we normalise such that
tr(T I
′
T J
′
) = δI
′J ′ . (5.122)
From these, we can calculate the structure constants of the surviving gauge group, which
we find to satisfy
f I
′K′
L′f
J ′L′
K′ =
4
3
δI
′J ′ . (5.123)
This means that the matrix representation of the surviving group that we have obtained
must have Dynkin index χ and dual Coxeter number6 h˜ such that h˜
χ
= 4
3
. Considering all
dimension 63 subgroups of E7 that have a dimension 56 representation with this property
6For a set of group generators T a(r) in a representation r with a general normalisation, the Dynkin
index χr of r may be defined as
tr(T a(r)T
b
(r)) = −χrgab , (5.124)
where gab is the Cartan-Killing metric which is dependant on the normalisation of the generators T a(r) in
some particular representation. Then, defining the structure constants by [T a(r), T
b
(r)] = f
ab
cT
c
(r), the dual
Coxeter number h˜ of the group is given by
facdf
bd
c = −h˜gab , (5.125)
i.e. h˜ = χ(adjoint). If we then chose to normalise the generators in the representation r such that
139
reveals that the 63 (56 × 56) matrix generators that we are left with must describe the
28 + 28 of SU(8), so SU(8) becomes the surviving gauge group in this example. As
indicated in Section 5.4, the left-handed fermions arising from the reduction of the six-
dimensional hypermultiplets carry an index in the fundamental representation of SU(28),
so the theory is chiral with respect to this symmetry. This is actually a situation where
the left-handed charge conjugates of right-handed spinors that would have made the
theory vectorlike are simply absent. In fact, the corresponding right-handed spinors were
explicitly removed from the four-dimensional theory by the spinorial reduction ansatz
(5.80).
An alternative starting six-dimensional theory which is of some interest is the E6 ⊗
E7⊗U(1)R anomaly-free theory of [19]. This theory has 456 hypermultiplets whose scalars
describe the coset Sp(456, 1)/(Sp(456)⊗Sp(1)). The E7 group here is the gauged part of
the rigid Sp(456) subgroup of the rigid left-acting Sp(456, 1) with the property that the
irreducible 912 of Sp(456) remains an irreducible 912 under E7. The E6 gauge symmetry
of this theory remains external. The reduction of this theory on a sphere and monopole
background was initially considered in [19]. There, the U(1) which receives the monopole
background was embedded in the external E6, breaking the supersymmetry completely
while an inconsistent set of fluctuations was considered. In our approach, we assign the
monopole background instead to the U(1)R R-symmetry and consider the consistent set
of fluctuations described in Section 5.5, resulting in a chiral N=1 supergravity.
The reduction of this theory on the sphere and monopole background using the ansatz
(5.115) and (5.116) goes much like the reduction example considered above. This leads to
a surviving massless gauge symmetry G in four dimensions that is defined by the following
conditions. It is product of the external E6 times that part of the E7 subgroup of Sp(456)
(where the 912 of Sp(456) remains an irreducible 912 of E7) that is also a subgroup of the
SU(456) within Sp(456) (such that the irreducible 912 of Sp(456) becomes the 456 + 456
of SU(456)).
By analogy with the previous example, we propose that this reduction will give a
reduced four-dimensional N = 1 supergravity coupled coupled to chiral matter contained
in multiplets whose scalars describe the coset SU(456, 1)/(SU(456) ⊗ U(1)R) of which
the SU(8) within the rigid SU(456) is gauged by vector multiplets (such that the 456 of
SU(456) becomes the 420 + 36 of SU(8)). The four-dimensional supergravity will also
be coupled to additional external vector multiplets in the adjoint of E6 together with a
vector multiplet gauging a U(1)R whose gauge field becomes massive by the Stueckelberg
tr(T a(r)T
b
(r)) = δ
ab, as in (5.122), then we find that
facdf
bd
c =
h˜
χr
δab . (5.126)
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mechanism as above. The left-handed fermions arising from the reduction of the six-
dimensional hypermultiplets will carry an index in the fundamental of the gauged SU(456)
so the theory is clearly chiral with respect to this symmetry.
5.6 Conclusion
In this chapter, we have studied the varieties of consistent reductions available to a class
of six-dimensional theories based on the original Salam-Sezgin model [25]. The key result
is the bifurcation that we have found in Section 5.3 between the previous reduction which
retains the sphere’s SU(2) gauge fields, but which proves to be non-chiral in four dimen-
sions, and the new reduction which abandons the SU(2) gauge fields in favour of a spon-
taneously broken U(1)R, but allowing for a chiral theory in four dimensions. On general
grounds, one might have expected [14, 125] some link between the reduction of a higher-
dimensional theory on a background with nontrivial handedness and the preservation of
chirality in the lower-dimensional reduced theory. However, such general considerations
are not sufficient to elucidate details such as the loss of chirality when spherical isometry
gauge fields are turned on. Only a detailed investigation of the reduction possibilities
allows for the conditions of chirality preservation to be clearly established.
Although the new reduction carried out in Section 5.3 considers a consistent set of
fluctuations about the very same background as that used previously in [120], the result
of the new reduction is very different. This is because our new ansatz considers fluctua-
tions in the massive U(1)R gauge field (together with certain scalar modes) whereas the
ansatz of [120] considered fluctuations in the massless SU(2) gauge fields arising from the
isometries of the sphere. A consistent ansatz turning on fluctuations in both these sectors
simultaneously is not possible. This is because doing so would cause explicit functions
of the internal space to appear in the reduced field equations. One place where this is
clearly seen is in the reduction of the metric field equation. Here the “miraculous” cancel-
lation described in [120] cannot occur once the U(1)R modes are turned on, thus dooming
the consistency of the four-dimensional system with both U(1)R and SU(2) gauge modes
turned on. There is therefore a genuine bifurcation in the consistent reduction possibilities
down to four dimensions.
The new consistent reduction scheme of Section 5.3 preserves four-dimensional chirality
only in a fairly weak sense, because the chirality of the four-dimensional fermions is
evidenced there only through couplings to the massive, U(1)R gauge field. Accordingly,
in order to generate more clearly chiral couplings in the reduced theory, the class of six-
dimensional models was extended in Section 5.4 by coupling in hypermultiplets and in
Section 5.5 the gauging was extended by the inclusion of additional gauge multiplets. We
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then found that it is consistent to consider fluctuations in a subset of the additional gauge
fields, corresponding to a subgroup of the original gauge symmetries, together with the
fluctuations of the massive U(1)R. We note, however, that it still does not seem possible
to turn on any fluctuations in the additional gauge symmetries if the SU(2) fluctuations
arising from the sphere’s isometries are turned on instead of the U(1)R fluctuations. This
reduction inconsistency happens in an exactly analogous way to that seen when trying
to simultaneously turn on the SU(2) and U(1)R gauge fluctuations. For this reason, the
new branch of consistent fluctuations is the more potentially interesting one for four-
dimensional phenomenology.
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Chapter 6
Conclusions and Directions for
Further Work
In this thesis we have seen that although a large class of dimensional reductions do not
allow for chiral effective theories, there are never the less a significant set of examples of
reductions in which chiral effective theories can be produced. This allows many interesting
chiral low-energy theories to be embedded within higher-dimensional completions. The
examples we have shown escape the no-go theorems of Sections 1.4 and 1.5 by either
considering the reduction of an odd-dimensional theory on an orbifold or by considering
the reduction of a chiral theory on a background with a handedness.
In Chapter 1 we begun by clearly defining what we mean by a chiral theory and
reviewing some of the no-go theorems that rule out chiral effective theories in many
dimensional reductions. Understanding these no-go theorems is useful as it allows us to
eliminate a significant set of possible ultraviolet completions when searching for a higher-
dimensional origin of any given chiral effective theory. For example we can use these
theorems to show that if the Standard Model is to be embedded within 11 dimensional
supergravity, then the reduction to 4 dimensions must involve some orbifold-like step.
Many of the constructions we have presented in this thesis can be viewed as examples of
a more general prescription for carrying out these orbifold-like reductions. Alternatively
we can use the no-go theorems to show that if the Standard Model is to be embedded
within a chiral 10 dimensional supergravity then the reduction must be carried out on
a background with some handedness. For example a reduction on a homogenous space
without fluxes cannot give rise to the Standard Model.
In Chapter 2 we demonstrated that the dimensional reduction of seven-dimensional
supergravity to a chiral theory in six dimensions is possible. This reduction was carried
out on the orbifold S1/Z2, viewed as an interval with disconnected boundaries. This work
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mirrors the eleven-dimensional constructions of [8, 9, 10]. In carrying out our analysis
we observed that the local symmetries of the seven-dimensional theory will be broken by
quantum effects unless carefully chosen sets of boundary-localised matter are coupled to
the theory. A set of constraints on this boundary-localised matter was analysed and an
example was found in which a fully anomaly-free system was produced. The main features
examined here are very ubiquitous in these sorts of constructions in which the fixed point
set of some bulk symmetry is singled out. Further work on similar sorts of constructions
can therefore be carried out be adapting the procedure we have used. The analysis of
further examples, in which anomaly-free chiral theories can be generated by the reduction
on more complicated orbifolds by utilising this procedure, therefore represents an inter-
esting future topic that should be investigated. In addition to this a further analysis of
the construction and reduction of six-dimensional theories with boundary-localised hyper-
multiplets remains an outstanding problem. These constructions are complicated by the
extra condition that the Sp(1) curvature associated with the scalar manifold described by
the boundary hypermultiplets, must match the Sp(1) curvature associated with the bulk
hypermultiplets evaluated on the boundary. One way in which these complications might
be avoided is to impose this condition as the field equation of some additional auxiliary
field. This would allow the analysis to proceed more readily. A fuller understanding of
how these two unrelated scalar sectors can fuse to form a quaternionic Ka¨hler manifold in
6 dimensions, when the coincident-boundaries limit is taken, may then be reached. This
approach will be considered in future work.
In Chapter 3 we were motivated by the important role of the boundary conditions in
constructions such as those shown in Chapter 2, to consider a deeper analysis of these
sorts of conditions. To do this, we began by considering a far simpler supergravity in
three dimensions with a two-dimensional boundary. The smaller amount of supersym-
metry present here allowed us to make use of the ‘supersymmetry without boundary
conditions’ approach of [47]. Using this method we were able to consider very general sets
of consistent boundary-localised matter and deduce the key features associated with the
boundary conditions that were generic in these constructions. In this way we found that
the boundary conditions can be rephrased as setting a multiplet containing the extrin-
sic curvature tensor equal to a conjugate of the supercurrent multiplet of the boundary.
We expect that this result carries over to all constructions of supergravity on manifolds
with boundaries and can be interpreted as the supersymmetric generalisation of the Israel
junction conditions [30]. Demonstrating the way in which this result holds in more gen-
eral and physically interesting constructions remains an important further direction that
must be investigated. This would allow models such as the 11 dimensional Horˇava-Witten
construction [8, 9, 10] or 5 dimensional Randall-Sundrum scenario [43, 44, 68, 69] to be
better understood. Unfortunately, carrying out this analysis in these more general setups
is complicated by the dependence of the method we have used on an off-shell formulation
of the supergravity. One approach to solving this problem may be to consider writing the
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bulk supergravity in a way that makes manifest only the supersymmetry that is preserved
by the boundary. In situations in which the full supersymmetry cannot be realised off-
shell, but this smaller fraction can be, we would then be able to make use of an adapted
form of the ‘supersymmetry without boundary conditions’ prescription. This would allow
a wider class of supergravities to be considered.
In Chapter 4 we considered an alternative interpretation of the ‘supersymmetry with-
out boundary conditions’ approach used in Chapter 3. This was based upon a construction
of actions in superspace by considering certain superforms [95, 96, 97]. In the boundary-
less case the standard result is that each invariant but non-zero action corresponds to a
member of the de Rham cohomology group in the superspace. Our analysis showed that
in the presence of a boundary this approach can be extended to one in which actions
are constructed by the consideration of pairs of superforms which make up members of
the relative-cohomology group. In this approach the additional boundary-localised terms,
that modify the usual tensor-calculus rules in the ‘supersymmetry without boundary con-
ditions’ discussion, are replaced by the boundary-localised superform that completes any
given closed form to a relative closed pair. This gives a natural way to understand these
modifications from a more geometrical perspective. We showed that in several examples
the results of the ‘supersymmetry without boundary conditions’ formalism can be repro-
duced by considering this approach. However, our examples applied to constructions with
only rigid supersymmetry. The details of extending these results to constructions with
local supersymmetry therefore represents a direction in which further work on this subject
could be carried out. Other work on extending these methods to situations in which more
supersymmetry is present also provide interesting prospects. This is because the standard
ectoplasm approach can be applied to many important cases in which a standard off-shell
formulation is not available. The use of such a method in higher-dimensional construc-
tions may represent an alternative way to generalise the results of Chapter 3 to higher
dimensions. This would allow us to better understand the complicated sets of boundary
conditions that we were forced to impose in Chapter 2.
In Chapter 5 we considered the dimensional reduction of certain six-dimensional su-
pergravities on a sphere and monopole background. These reductions have the possibility
of giving rise to chiral effective theories in four dimensions, as they avoid the no-go theo-
rems of Section 1.5, by turning on a flux in an elementary six-dimensional gauge vector.
However, in previous work on these reductions it was shown that a consistent set of fluc-
tuations exists, which does not have a chiral effective description [120]. This known result
shows that even avoiding the no-go theorems we have described does not ensure that the
lower-dimensional theory is chiral. The new considerations we have presented here show
that, in addition to the previously-known non-chiral set of consistent fluctuations, there
is another set of consistent fluctuations that do describe a chiral theory. These extra fluc-
tuations cannot be consistently added to the previously-known set so a bifurcation can be
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seen to occur between these two consistent branches. In addition to this, we showed that
the new branch of fluctuations can be extended to consider additional six-dimensional
hypermultiplets in a way that the previously-known set can not. The presence of this
bifurcation in the reductions of the same six-dimensional theory on the same background
that allows either a chiral or non-chiral theory to be produced, raises many interesting
questions. Crucially, we may ask if these sorts of bifurcations can occur generally and if
there are any constraints on the sets of backgrounds that can allow either chiral or non-
chiral sets of fluctuations. Furthermore as the reduction of the six-dimensional theory is
able to avoid our no-go theorems and can still result in a non-chiral theory this suggests
that further statements about forbidding chirality in effective theories may be possible.
A detailed analysis of these points would make an interesting future project.
Our main motivation for considering dimensional reductions which lead to chiral ef-
fective theories was the idea that it may be possible to embed the Standard Model within
one of the 10 or 11 dimensional anomaly-free supergravities that represent different limits
of M-Theory. As the Standard Model is chiral, an analysis of dimensional reductions that
can lead to chiral theories is crucial for this embedding to be understood. However, it is
by no means sufficient and there are many additional important features of the Standard
Model that have not been discussed in this work. Finding a reduction to a theory that
contains precisely the Standard Model is therefore a far greater task than that which has
been attempted here. However, a great deal of productive work has been carried out
on this subject in recent years and dimensional reductions to the true Standard Model,
with all known features of the low-energy physics, may soon be within our reach. The
analysis of reductions that may lead to this result therefore represents the most important
direction for further work to be carried out.
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